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EINSTEIN METRICS AND RICCI FLOWS 

ROBERT SCHRADER 

Dedicated to Ludwig Faddeev on the occasion of his 80th birthday 


Abstract. This article provides an attempt to extend concepts from the theory of Riemannian 
manifolds to piecewise linear spaces. In particular we propose an analogue of the Ricci tensor, 
which we give the name of an Einstein vector field. On a given set of piecewise linear spaces we 
define and discuss (normalized) Einstein flows. Piecewise linear Einstein metrics are defined and 
examples are provided. Criteria for flows to approach Einstein metrics are formulated. Second 
variations of the total scalar curvature at a specific Einstein space are calculated. 


1. Introduction 

As may be less known, piecewise linear (p.l.) spaces share many of the properties of Rie¬ 
mannian manifolds. The first to observe this was Regge 1361, who gave a definition of the 
analogue of the total scalar curvature. Therefore sometimes one speaks of Regge calculus, when 
discussing p.l. spaces. In ifT^ further curvatures like Lipschitz-Killing curvatures and boundary 
curvatures were introduced and their relation to the corresponding smooth partners established. 
A consequence was a new proof of the Chem-Gauss-Bonnet theorem. The interest in physics 
arose from the proposal to use Regge calculus as an approach to quantum gravity in analogy 
to lattice gauge theories ifTTl (1711381 . For this the names lattice gravity or simplicial gravity is 
often used, for overviews see e.g. 121] [371. Although Regge worked in a context which was 
purely classical, it was Wheeler, who speculated on the possibility of employing Regge calculus 
as a tool for constructing a quantum theory of gravity [@81. More recently attempts have been 
made to introduce additional curvature notions. In particular analogues of the Ricci tensor and 
a Ricci flow (1][TO][T4j|^[25][301131][32j|47j|49l, a Yamabe flow ITSl . as well as an analogue 
of an Einstein space were proposed ITOl . 

The main motivation for this article is to provide new instruments and insights in the theory 
of p.l. spaces. We focus on providing analogues of 

• the Ricci tensor, 

• a smooth Einstein space, 

• a (normalized) Ricci flow, 

and we study their properties. Actually two alternative definitions of analogues of the Ricci 
tensor and of an Einstein space are given. As far as we understand these definitions differ from 
the proposals made so far with the exception of one in iflOl and we shall comment on this below. 

We will make a great effort to point out analogies between concepts and quantities appearing 
in the theory of p.l. spaces and those showing up in Riemannian manifolds, which we often will 
call the smooth case. 

Eor short, a p.l. space is obtained by gluing euclidean simplexes together. Thus given a 
p.l. space in this form, its data are given by a simplicial complex plus the lengths of its edges, 
which have to satisfy certain conditions extending the triangle inequalities. The collection of 
the (squared) edge lengths will be called a metric. As for the analogue of the Ricci tensor our 
definition is motivated by the well known fact that in the smooth case the Ricci tensor is obtained 
from the variation of the total scalar curvature. Analogously the metric is recovered from the 
volume. Thus we define the Ricci vector field as the gradient (with respect to the metric) of the 
total scalar curvature. Eor an Einstein space by definition the Ricci vector field is proportional 
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either to the metric or to the gradient of the volume. Introducing the notion of the (normalized) 
Ricci flow is then straightforward. 

This article is organized as follows. In Section [T] we recall the basic notations and notions 
in the theory of piecewise linear spaces. It starts with the notion of a pseudomanifold, the 
analogue of a smooth manifold. Then we introduce the notion of a metric, with the help of 
which one can define the volume and the total scalar curvature. There we also define the Einstein 
vector field, see Definition (12.81) . and which may also be written in the equivalent form (12.10b . 
Section [3] provides a characterization of the space of all metrics on a given pseudomanifold, 
collected in Theorem l3.ll In Section|4]we define Einstein metrics, actually there are two possible 
definitions (as already mentioned), see Definition 14. II As in the smooth case (see e.g. |21|) there 
are equivalent conditions for a metric to be Einstein, see Theorems 14.61 and 14.101 Examples 
of Einstein spaces are provided which are the analogues of n-spheres and n-tori. In Section 
|5] an Einstein flow and two normalized Einstein flows are defined. These two definitions are 
closely related to the two definitions of an Einstein metric. These normalized flows are such 
that Einstein metrics are fixed points. Moreover under these flows the total scalar curvature 
always decreases away from Einstein metrics, see Theorems 15.61 and 15.171 In Section we 
discuss the behavior of the total scalar curvature near a special Einstein space by computing the 
second variation under the constraint that either the fourth moment of the edge lengths or the 
volume stays fixed. In the first case the second variation is negative definite, in the second case 
it is indefinite and non-degenerate, see Theorems 16. 1 1 and 16.81 Section|7] provides a list of open 
problems. 

Eor the purpose of comparison with the smooth case, in Appendix we recall some well 
known facts from Riemannian geometry. In particular we provide an extensive discussion of the 
behavior of many quantities like the scalar curvature, the total scalar curvature and the volume 
under a scaling of the metric. In Appendix |B] the volume and the total curvature of p.l analogues 
of n—spheres are calculated. Appendix Oestablishes among other things smoothness properties 
of the volume and the total scalar curvature as a function of the p.l. metric. Appendices iDl and 
IHgive the proofs of relations needed for Theorems 16. II and 16.81 

Partial results were presented at the conference in honor of E. Eaddeev’s 80th birthday. Math¬ 
ematical Physics: Past, present and future, Euler Institute, St. Petersburg, March 2014. 
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2. Basic concepts and notations 

Lor the convenience of the reader we recall basic definitions and properties of the objects we 
will be dealing with (see e.g. ll43l and l[T2l i. 

A finite simplicial complex K consists of a finite set of elements called vertices and a set of 
finite nonempty subsets of vertices called simplexes such that 

(1) Any set containing only one vertex is a simplex. 

(2) Any nonempty subset of a simplex is also a simplex. 

A j-simplex will generally be denoted by uA The dimension j is the number of its vertices 
minus 1. The 1-simplexes are called edges. If a' C a, then a' is called a/ace of a and a proper 
face if a' a. We set dim K = sup^g^ dim a and occasionally we shall write with 
dim AT = n, if we want to emphasize the dimension of K. A complex L is called a subcomplex 
of K if the simplexes of L are also simplexes of K. We write L K. The fe-skeleton Tf{K^) 
of (0 < A: < n) is the subcomplex formed by the j-simplexes with j < k. It is not 
necessarily a pseudomanifold (for the definition, see below). 

In order not to burden the notation, we often will also use to denote the simplicial com¬ 
plex formed by this j-simplex and all its faces. Also we will use 1— simplexes as indices for 
coordinates, such as a point z in some euclidean space and then 5°^ stands for 

d 

dz^\ 

The Euler characteristic of K is defined to be 

x(K) = 

k 

Let p = {pj I l<j<(?-|-l}be points in the euclidean space A”, n > q , which lie in no 
{q — 1)- dimensional affine subspace. The convex hull, d{p) and its interior a{p) are called 
closed and open linear simplexes, respectively. By regarding pj = Vj as vectors, we have 

3 

where {xj} consists of {q + l)-tuples with Xj > 0 and 

= 1 - 

3 

{xi} are called the barycentric coordinates of XjVj. They are independent of the choice of 
origin in E"^. A map from (j'^{p) to a’^{p') which preserves barycentric coordinates is called 
linear. 

If ei, • • • , Cn are the standard basis vectors in their convex hull is called the standard 
(closed) simplex a{n). To any finite simplicial complex with n (ordered) vertices, we asso¬ 
ciate a closed subset of a{n), called the geometric realization of K. Namely, to each 
simplex £ K with vertices <7^^) •'' > associate the open linear simplex determined 

by Cjj, • • • , The union of these linear simplexes is ^K. There is a natural metric space 
structure, the standard metric on ® AT, where the distance between two points p, q is defined as 
the infimum of the length of all piece-wise smooth paths between p and q. More generally, 
we consider metrics on ®Ar such that any simplex C with its induced metric is linearly 
isometric to some linear simplex. In what follows we shall use K and interchangeably. 

The space K, equipped with a metric of the above type is called a triangulated piecewise flat 
space (or p.l. space). 
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Clearly, any such space is determined up to isometry by the edge lengths , the distances 
between the vertices of 1-simplexes In Section [3] where we discuss the set of all metrics, we 
will see that it is more appropriate to consider the squares of the edge lengths. Moreover, there 
is a closer analogy with a Riemannian metric g than there would be with the set of lengths. That 
is we will work with 

-2^0-1 ~ ^(jl 

and we write {K, z) for a p.l. space to emphasize the dependence on the collection of the squares 
of the edge lengths ^ Also we shall say that K carries the p.l. 

metric z. Here and in what follows, we assume that the 1—simplexes of k are ordered in some 
way, such that we can view z as an element in and therefore also of All results 

will be independent of the particular choice of the ordering. Sometimes we will also choose 
another ordering, when we consider the 1—simplexes contained in a given /c-simplex. 

For given z we denote by \a^\ = \cr^\{z), j > 1, the euclidean j-volume of the euclidean 
j-simplex to which is linearly isometric by assumption. In particular |(T^| = = y/z^i. 

For a vertex we set |cr°| = 1. Below we shall recall a more explicit expression of \a^\ in terms 
of the Zfji with C , see (13.21) . The scaling law 

(2.1) |c’''^|(Az) = A-^/^|cr-^|(z), A>0 

is obvious. 

A subdivision of a p.l. space (iT, z) is a p.l. space (iF', z') and a homeomorphism 

s:(iF',z') ^ {K,z) 

with the following properties 

• For every simplex a' in K', its image s{a') is contained in some simplex a of K, and 
s|cj' is linear. 

• The metric z' on {K',z') is the pullback of the metric on {K, z). 

Let s(cr') G K denote the smallest simplex in which s{a') is contained. Obviously, if a' is a 
k' simplex, then a' is k simplex with k > k'. We shall write a' < a if a = s{a') and a' a 
otherwise. 

We shall almost exclusively consider special simplicial complexes, which are given as fol¬ 
lows. 

An n—dimensional pseudomanifold is a finite simplicial complex such that 

(1) Every simplex is a face of some n-simplex. 

(2) Every (n — 1)-simplex is the face of at most two n-simplexes. 

(3) If a and a' are n-simplexes of K’^, there is a finite sequence a = fii, • • • , Om = of 
n-simplexes of K, such that ai and Uj+i have an (n — l)-simplex in common. 

Unless otherwise stated, the dimension n will always be taken to be > 3. The (possibly empty) 
boundary OAT” of K’^ is the subcomplex formed by the (n — 1)-simplexes, which lie in exactly 
one n-simplex, and their faces. The third condition guarantees that is connected. dK’^ is 
not necessarily a pseudomanifold. 

As an example, u” is an n-dimensional pseudomanifold and its boundary da’^ = 
is an (n — 1)-dimensional pseudomanifold without boundary. 

A pseudomanifold K'^ is called orientable if and only if dK'^) ~ Z and 

Hn-i{K^, dK^) has no torsion. An orientation is a choice of a generator of Hn{K'^,dK'^). 
The volume of the p.l. space {K'^,z) is defined fo be 

V{K\z)= Y. |cT-|(z)>0. 

The scaling law 

(2.2) V{K^,Xz) = X^^‘^V{K^,z) 

is clear. If compares wifh fhe scaling law for fhe volume in Riemannian geomefry, see (IA.7I) . 
A smooth triangulation of an n-dimensional smoofh manifold M is a pair (AT, f), where K a 
simplicial complex and f a homeomorphism from onfo M such fhaf ifs resfricfion (j)\d' fo 
any closed simplex d AT is smoofh. A well known fheorem says fhaf any compacf smoofh 
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and connected manifold M has a smooth triangulation with finite K, which actually is a pseu¬ 
domanifold (see e.g. Il34l ). 

For (Z e K let the unique C a" be such that a^-‘^ = n (t^"\ 

In their realization as euclidean simplexes in let ni and n 2 be unit vectors, normal to 
and respectively and pointing outwards. Then the dihedral angle 0 < it"') <1/2 

(in units of 27r) is defined as 

= ^- 7 ^arccos(rei,n 2 ). 

Z Ztt 

{■, •) denofes fhe euclidean scalar producf. The fwo limiting (and degenerafe) cases are ni = 
—n 2 , for which fhe dihedral angle vanishes, and ni = n 2 , for which fhe dihedral angle equals 
1 / 2 . In Appendix Owe shall provide anofher description of fhe dihedral angle. 

The following scale invariance is obvious 

(2.3) A>0. 

To a given p.l. space {K^,z), wifh being an n-dimensional pseudomanifold, we associafe 
ifs total scalar curvature 


(2.4) 7^(iT^z)= 

Q-n — 2 

and fhe average scalar curvature 


,z) = 


E 1 


E 

Q-n . Q-n ~2)cr'^ 2 




(2.5) 


n{K^,z) = 


n{K^,z) 


V{K^,z)' 

The expression in braces in (12.41) is called fhe deficit angle at and will be written as 
= (5(cj”“^)(iT’*, z). When K is nof a pseudomanifold, fhe definition is slighfly differ- 
enf, see Km, where also p.l. versions of Lipschitz-Killing curvatures are given. The fofal scalar 
curvafure does nof change under a subdivision (and fhe same is valid for fhe volume), fhaf is 

( 2 . 6 ) n{K^\z!)=n{K^,z) 

holds whenever (iT"', z') is a subdivision of {K^,z). For furfher use lef us briefly see how fhis 
comes abouf. Firsf fhe addifivify of volumes gives 


E 


I ^n—2 /\ I ^n—2\ 

\a \ = \(T 


jn — 2 / . fjn — 2 / ^ — 2 


for all Also for any pair a” ^ C cr" fhe following relafion holds befween deficif angles 

for all These fwo relafions prove fhaf 

Tl^n-2(K, Z) = TZ„n-2 ! {K', z!) 


jn — 2 / . fjn — 2 — 2 


holds for all u” Sef 


Then 


0 n -2 ^ ^ dim ')}• 


n—2 f 


^n—2 f\ 


in ofher words {K',z') is flal around ' G 0”“2 Therefore 

7^^n-2,(iT^l') = 0, G 0”-2. 

by (12.41) . This esfablishes (12.61) . 

(12.11) and (12.31) give 


( 2 . 7 ) 


n{K^,Xz) = 
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which compares with the scaling behavior of the total scalar curvature in Riemannian geometry, 
see again (IA.7I) . We call the gradient of the total scalar curvature 

( 2 . 8 ) EM{K\z) = 

the Einstein vector field. By definition {K^,z) is Einstein fiat at if Ein„i{K^,^ = 0 and 
Einstein flat if Ein (K^. z) = 0. 

Remark 2.1, Here is the time to point out an important difference between curvature concepts 
of p. 1. geometry and those in Riemannian geometry. Despite many efforts, so far no tensor 
calculus has been formulated. In particular no analogues of the metric tensor, of the curvature, 
or the Riemannian curvature tensor, or the Ricci tensor - all pointwise defined quantities on the 
underlying manifold- have been found. So the main analogies may be found between globally 
defined objects, like the volume or the total scalar curvature. Now the Ricci tensor or rather the 
Einstein tensor shows up in the variation of the total curvature, see (IA.9I ). so by comparison with 
(12.81) . this is the closest we can get to the Ricci tensor by analogy in the theory of p. 1. spaces, 
thus our choice of notation. 

Since we will make intensive use of Euler’s relation, we briefly recall it within the present 
context. Also Appendix provides the corresponding formulation in Riemannian geometry. 
Let 

{z,z') = '^z„iz'^i 

(7^ 

denote the euclidean scalar product and ||z|p = {z,z). Observe that 



0-1 eiC" 


is the fourth moment of the edge lengths. 

By definition any (smooth) function /(z) is homogeneous of order m if /(Az) = A”^/(z) is 
valid for all metrics z. 

Lemma 2.2. (Euler’s Relation) If f{E) is homogeneous of order m and differentiable, then 

{z,Vf{z)) = m/(z). 

holds. In particular if f is of homogeneous of order m 0 and if^^it critical point of f - 
such that actually all points Xz^rit critical - then fi^^it) — 0- 

As will be seen below, this lemma turns out to be a surprisingly efficient tool for the present 
context. A consequence of (12.71) is 

(2.9) z) = (z, Ein{K^,z)) 

is valid for all metrics z. Here we have used the differentiability w.r.t. z. This property will 
become clear from the discussion to be given below. Here and in what follows, we view z as the 
tautological vector field. Observe that z, like Ein iK. z), is a gradient due to 

A more explicit expression for the Einstein vector field is 

(2.10) E;m,l(iT^z)= ^ j 1- ^ (ct--2 

Q-n — 2 y ^71^^71 — 2 

The proof is obtained by using the Leibniz rule and a remarkable formula of Regge |[36ll . by 
which 

( 2 . 11 ) =0 for all 

g.n-2 . ^n-2(-^n 

holds for any variation of z, and where now ' denotes the derivative with respect to the variation. 
Eor another proof see also |[T2]| . 


,a^) I 
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Remark 2.3. Due to the importance of (12.111) for our central relation (12.101) a historic remark 
at this place might be appropriate. (12.111) is often mentioned in connection with SchlMi’s for¬ 
mula, which is a variation formula for Euclidean and non-Euclidean volumes. In 1858 Schldfli 
provided such a relation for the volume of spherical simplexes BOl . In 1907 Sforza extended 
this to the case of simplexes in Lobachevsky space ll42l . Modem proofs of these results may be 
found in cmiiaii. The extension to polyhedra is easy. It was Milnor who provided a unified 
formula, which includes Euclidean polyhedra as well and which reads as follows Il3^ 


*K\P^\' 


1 


n — 1 


E (P' 

p>n — 2 pn 


pnY\pn—2 


The notation is the following. P” is a polyhedron in M'^, that is a finite intersection of half 
spaces and which is compact. itself is a space of constant sectional curvature K. p^~‘^ is 
an (n — 2)— dimensional face of P^. is the dihedral angle in analogy to ct”) 

and |P”| and are their n- and (n — 2)-dimensional volumes respectively. As is visi¬ 

ble from (12.31) . Milnor put particular emphasis on the transition between Euclidean and non- 
Euclidean cases for K near zero. Observe that the cases of arbitrary K 0 can be obtained 
from the cases K = PI by appropriate scaling. Eor simplexes and the choice K = 0 dH is 
just Regge ’s relation (12.111) . 


The scaling behavior 

( 2 . 12 ) \z) = 

is obvious. The scaling relations (12.21) and (12.71) fit with the corresponding scaling relations 
(IA.7I) in the smooth case. 

It is tempting to call 


(2.13) 5ec<,n-2=5ec^„-2(P^,l)= 1- ^ (cj"-^cj") 

y 0-n~,o-n-2 

the sectional curvature at the 2-plane orthogonal to Note, however, that it is scale invariant 
in contrast to the sectional curvature in Riemannian geometry. 

From (12.91) we immediately obtain the following result. We say that v = {vp ^cri ^ 

is non-negative or non-positive, if vp is non-negative or non-positive for all a^. v is strictly 
positive or strictly negative, if every component vp is positive or negative respectively. Any 
metric z is strictly positive. (12.91) then directly gives 

Proposition 2.4. If Ein (K^, z) (n > 3) is non-negative or non-positive, then the total scalar 
curvature is also non-negative or non-positive respectively. If Ein (K^, z) is strictly positive or 
strictly negative, then the total scalar curvature is also positive or negative respectively. 

Observe that both the sectional curvature (12.131) and 

may become positive or negative. There is another vector field, which is also a gradienf field, 
namely fhe gradienf of fhe volume 

v{K^,z) = v{z) = {vAz)}p^K^ = VV{K^,z) 

wifh fhe scaling behavior 

(2.14) viK^, \z) = X^'^-^'^/‘^v{K^,z), A > 0. 

By (12.21) and Euler’s relafion 

71 

(2.15) {zMK^,z)) = -V{K^,z) 


holds. 
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Remark 2.5, Instead of using ^ the set of squares of the edge lengths, one could as well use 
the set 

L = {^o-lla-le/C 

of edge lengths themselves to parametrize a euclidean metric. All definitions easily carry over. 
Thus one might consider the gradient ,[) of the total scalar curvature w.r.t. 1. For 

n = 3 the sectional curvature (12.131) and the Einstein vector field agree. The definitions of 
Einstein metrics and (normalized) Einstein flows to be given below, can also be adapted to 
this choice of parametrization. we shall observe below, see Remark 14.21 the definitions for 
Einstein metric are not equivalent. In Section 13 we shall argue, that it is more appropriate to 
use z to describe the space of all metrics on a given simplicial complex K. 

3. The space of all metrics 

In this section we will establish some properties of the set of all metrics on a given finite 
n-dimensional pseudomanifold iT”. In particular we will show, as announced, that the squares 
Zfji = of the edge lengths are better suited to parametrize the set of all metrics and we will 
use the notation for the partial derivative w.r.t. the variable z^i. Let ni(K^) denote the 
number of 1-simplexes in K^. With this convention the set of all metrics on can be 

viewed as a subset of M_,_ ^ ^. This set is non-empty, the choice where all r i are equal serves 

as an example. As a matter of fact itself carries the metric, for which = 2 for all a^. The 
relation = ni{K'^) for all 1 < /c < n is obvious, as is 

for 1 < j < k < n. By definition of the set can be viewed as a subset of 

Ai{Tf (K^)) for every k. It is easy to verify that it always is a proper subset for k < n, that is 

Thus we have the chain 

M(K^) C C M(E^-^(K^)) c • • • C M(E^(K^)) = M+ 

The main result of this section is the 

Theorem 3.1. M{K^) is an open convex cone in In particular A4{K^) is connected. 

We note another analogy with the smooth case. Indeed, the set of all Riemannian metrics on 
a manifold forms a convex cone in the set of all second order tensor fields. 

Proof. Firsf consider a euclidean fc-simplex in and label ifs verfices in an arbifrary order 
as 0,1, • • • ,k. Assume fhe verfex 0 is placed af fhe origin. Again we regard fhe ofher vertices as 
being represented by fhe (linearly independenf) vecfors Vi,l < i < k. Then fhe lengfh kj = Iji 
of fhe edge connecting fhe fwo differenf verfices i and j is given in fhe form 

^Oj = llj = {vj,Vj), f<j<k, 

= ^ij = ~ ~ f<i,j<k. 

We make fhe convention za = If^ = 0. As a consequence fhe k x k real, symmefric mafrix 
A = A{z) , 1 = {zij}o<ij<k, wifh enfries 

(3.1) Qij = aji = {vi,Vj) = ^{zoi + zoj - Zij), l<i,j<k 

is positive definile. The volume of fhe euclidean fc-simplex is fhen obfained as 

(3.2) = \a’"\{z) = det A^^^ = {{vi A V 2 A ■ ■ ■ Vk,vi A V 2 A ■ . 

For fhe particular case k = 2 fhis relation gives fhe area of a friangle in terms of ifs edge lengfhs 
(squared), originally aflribufed fo Heron of Alexandria. The following lemma is frivial. 

Lemma 3.2. The following estimate is valid for any pair C in iT". There are universal 
constants Cn, such that 


holds for any metric z. 
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It is also clear that in general any volume |(T^(z)| will not stay away from zero even if ||z|| 
stays away from zero. For the same reason 

(3.3) det 

for cr^ G may become unbounded even if 11z| | stays away from zero. With the above notation 
we have the 


Lemma 3.3. detyl(z) is a homogeneous, symmetric polynomial of order k in the 2^,0 < i < 

j < k. 

This lemma shows that the above result (13.21) is independent of the particular labeling of the 
vertices in For the case n = 2, see the Example [33] below. 


Proof. Homogeneity and the order are clear. Symmetry follows from a geometric argument. 
The construction above was based on a particular choice of the order of labeling. We could have 
as well chosen an arbitrary other order, which amounts to a permutation of the k + 1 vertices. 
This would result in another construction of the euclidean fe-simplex with the same volume. The 
claim then follows from (13.21) . □ 

The converse is also valid. For any real positive definite kxk matrix A, invert (13.11) to define 
lengths squares as 

(3.4) ZQi U 22 , 

^ij — lij — 4“ C^jj 2ci2j • 

Since A is positive definite, one can build a euclidean fe-simplex with these edge lengths (squared) 
The following lemma is well known, see e.g. |l6l|45||. Via the above correspondence it provides a 
higher dimensional extension of the triangle inequality for the three edge lengths of a euclidean 
triangle, see Example l3.5l below. 


Lemma 3.4. Let any symmetric k x k matrix B be given with entries labeled by the set 
{1, • • • , A:}. Set Ii = {1,2, • • • , /} with 1 <l <k and let Bi denote the I x I matrix {Bij}iJ^I^. 
Then B is positive definite if and only if det B^ > 0 holds for all k. 


Since A{\^ = Aj4(z), we conclude that the set of z, for which one can build a euclidean 

k(k-\-l) /2 

A-simplex with these edge lengths (squared), is an open cone in . Moreover, this cone 

is convex. Indeed, by definition of A{^ the relation 

+ (1 - p)^) = M(l) + (1 - yo)^(lO) 0 < p < 1 


is obvious. The claim now follows directly from the fact, that a convex combination of two 
positive definite matrices is again positive definite. By (13.41) the corresponding edge lengths 
squares are of the form 


(3.5) pz + (1 

Example 3.5. For k = 2 

A{z) = 


-p)i' = i" = {4 = 


f 2^01 

Vi (^12 - 2:01 - Z02) 


PZij + (1 - P)z'ij}i<j. 

\ {Zl2 - ^01 - 5 ; 02 )\ 
2:02 J 


such that 

det A{z) = - {zqiZq 2 + 2012^12 + ^ 02 ^ 12 ) - ^ (^oi + ^02 + ^ 12 ) • 

Therefore the two conditions zqi > 0 and det j4(z) > 0 are equivalent to the three conditions 
+ -v/32, < -^3)1 + and y/zfi < In particular the first 

two conditions imply Z 02 > 0 and Z 12 > 0. 


This discussion for a single simplex carries over to all simplexes in K as follows. Indeed, 
to see that A4 is convex, consider now the convex combination (13.51) now with z,f G A4. Eor 
any £ K set 

z{a'^) = {z^lj^lCak- 
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With the notation of (13.51) and by the discussion above 

= {pz + (1 - p)d){a^) = pz{a^) + (1 - p)^){a^) 

it follows that one can build a euclidean /c-simplex with edge lengths squared equal to 
Since this holds for all £ K^, this establishes that is convex. This result is the 

main reason for having chosen the squares of the edge lengths as the basic parameters for a 
metric. Moreover z G implies G for any A > 0, so Ai(K^) is a convex 

cone. With the choice of the l^i as parameters convexity would fail. For any G iT”, let 
z(cj^) denote the set of z^i with G a^. Define A{^{a^)) according to the procedure given 
above. Then z G A4{K'^) if and only if det A(^(cr^)) > 0 for all G Since each map 
z i-A det A{^{a^)) is continuous, this proves that Ai{K^) is open. □ 

Actually the set M.{K) is a Riemannian manifold in a canonical way. We first consider a 
single n-simplex. Let Vn denote the space of all real, positive definite n x n matrices. This 
space is a Riemannian manifold of dimension n(n + l)/2, see e.g. IHIlSl. The pullback of the 
metric on Vn to A4{a^) via the one-to-one smooth map 4> '■ A4{cr^) Vn given by (13.11) 
turns A4(a^) into a Riemannian manifold. Now consider the Riemannian manifold 

X £ iC" Ad ((T^ ). 

Write a point in this space as Xa-n-£K^z{a"'). 

Ai(K) is now obtained as a closed submanifold of this space. Indeed, consider any metric 
z on iT and any edge G K, which is the face of any cr" and cj”'. Then its edge length 

squared z„i defines a mefric on bofh and a"''. Wifh fhe above nofafion fhis is jusf fhe 
condition Ziji{a"') — z„i{a^') = 0. Going fhrough all such friples in K fhe collection of all 
fhese conditions define Ai(K). By fhis discussion we also see fhaf is given as 

M{K^) = {i G I deiA{z{a^)) > 0 for all G AT”} . 

We now infroduce a quantify, which serves fo measure fhe disfance of a mefric z G Ad(A'”) 
fo fhe boundary dM.{K'^) of Ad(iT"), defined as dM.{K'^) = Ai(K^) \ Ad(iT”). 
denofes fhe closure of Indeed, sef 

/ -\2/fc 

d(z) = min min ( k\\ det A{z{a^)) ] = min min ■ 

k \ ^ J k 

This quanfify has fhe righf scaling behavior: 

= ^d{z), A > 0. 

4. Einstein metrics 

The exisfence of fhe fwo vecfor fields z and v leads us fo fwo alfemafive and hence differenf 
definitions of Einsfein mefrics. 

Definition 4.1. For given pseudomanifold a metric Zq is an Einstein metric on K'^ of type 
I, if there is real constant kj, such that 

(4.1) Ein iK'^. Zr.) — kt Zr. = 0 
holds. 

For given pseudomanifold AT” a metric Zq is an Einstein metric on of fype II if there is 
real constant ku, such that 

(4.2) EiniK^.zA - kiiv{K^,Zq) = 0 

holds. In both cases (Ff”, Zq) is then called a piecewise linear (p.l.) Einstein space. 

A p.l. space is said fo be Einstein-flat at if Ein„i{^) = 0. (Ar”,z) is said fo 

be Einstein-flat, if if is Einsfein-flaf af all a^. An Einslein-flal p.l. space is also a p.l. Einsfein 
space of bofh fypes wifh vanishing kj and n//. Also if has vanishing fofal scalar curvafure and 
Iherefore also vanishing mean scalar curvafure. 
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Equation (14.21) is a p.l. analogue of the Einstein vacuum equations with a cosmological term, 
that is Kji plays the role of a cosmological constant. The condition (14.11) for an Einstein metric 
Zq of type I is local in the following sense. Component wise it reads 

(4.3) Ein^i{K^,^) - = 0. 

Eor any /c-simplex G 0 < A; < re — 1 its star, denoted by star{a^), is the subcomplex 
of K consisting of all ex’* D and its faces. Then in (14.31) the l.h.s. is only a function of those 
z^ii for which cj^' G star{a^). 

Similarly the condition (14.21) for an Einstein metric Zq of type II is also local. These definitions 
mimic the standard definition of an Einstein space in the smooth case, see (IA.3I) . 

Remark 4.2. With the notation as in Remark 1231 if one replaces the definition for an Einstein 
metric of type I by the condition 

(4.4) V^7^(A:",i) - 4/= 0 

then a priori these two conditions do not give rise to the same solutions. This is easily seen using 
the trivial identity 

-^=21 
dl^i dz^i ■ 

A corresponding statement holds if condition (lO) is replaced by the condition 

(4.5) Y^7^(iT’",f) - k’jjViV{K^,1_) = 0. 

The metrics provided in Examples \4.11\ and \4.13\ below, the only known so far, satisfy all four 
conditions (lO) . (lAD) . (14^ and (1431) . Eor the special case re = 3, V;7?.(iT^,Z) is just the 
sectional curvature (12.131) . This quantity was then used in in to give two definitions of an 
Einstein metric in analogy to definition of the two types I and II just given. 

The following proposition is an immediate consequence of (12.121) and (12.141) and holds for 
both types of Einstein metrics. 

Proposition 4.3. If{K'^,z) is a p.l. Einstein space, so is {K^, X^for any A > 0. 


4.1. Einstein metrics of type I. 

In this subsection K'^ ( and therefore in particular re > 3) will be fixed, so from now on, and 
when fhe confexf is clear, we will simply write IZ( z) , Ein ( z), V (z) efc. 

Proposition 4.4. Let {K'^,Zq), (re > 3) be a p.l. Einstein space of type I. Then TZ{zq) is strictly 
positive or strictly negative if and only if Ein izn) is strictly positive or strictly negative respec¬ 
tively. Also IT{zq) vanishes if and only if{K'^,ZQ) is Einstein-flat. 

The last statement is also valid for a p.l. Einstein space of type II. This result for Einstein 
spaces of type I extends the result in Proposition 12.41 

Proof. The first claim follows trivially from the defining relation (14.11) . If {K'^,Zq) is Einstein- 
flat, then TZ{^q) = 0 due to (12.91) . Conversely assume 'JZ{zq) = 0 . By the definition of an 
Einstein metric of type I all Ein^i (zg) have the same sign unless they all vanish. Now observe 
that the Zq are all positive. Since (zn, Ein jzn)) = 0 , again by (12.91) . this relation can therefore 
only hold if all Ein^i{zQ) vanish, that is {K'^,Zq) is Einstein-flat. Assume next that Zg is an 
Einstein metric of type II, which in addition is Einstein-flat. But then again by (12.91 ) 7?.(zg) = 0 . 
Conversely, if 'Tl{zf) = 0 , then by (12.91 ) 

2 

0 = {zQ,EinUo)) = kii{zq,v{zo)) = kjj-V{zq), 

having used the definition 14.21 But this is only possible if kjj = 0 , so {K'^,Zq) is Einstein- 
flat. □ 
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Proposition 4.5. Let Zq be an Einstein metric of type I. Then kj is given in terms of the total 
scalar curvature as (zq) where 


(4.6) 


_n-2n{z) 

ttj [Z) — 2 


is well defined for all z G A4{K'^). 

(2i') 

Alternatively kj is also given in terms of the Einstein vector field as Kj (zq) where 


(4.7) 


.42)^.^ _ 2 {v[z),Ein[z)) 

y—' ~ T/(' ^ 

n V{z) 


which is also well defined for all z G Ai{K^). Einally in case {K^,Zq) is not Ricci flat, kj is 

(o\ 

also given in terms of the Einstein vector field and the total scalar curvature as Kj (zq) where 

n — 2 \\Ein(z)\\‘^ 


(4.8) 




2 7^(l) 

which is well defined outside the zero set of (v(z), Ein (z)). 
The analogue in the smooth case is given in (IA.4I) . 


Proof Take the scalar product of (14.11) . with Zq, and then use (12.91) in combination with Euler’s 
relation, see Lemma 12.21 This proves the first claim. As for the second claim, now take the 
scalar product of (14.11) . now with ^(^o), and use (12.151) . Finally the third claim follows by taking 
the scalar product of (14.11) with Ein izn). □ 


In order to analyze Einstein metrics in more detail, we need some preparations. Recall that we 
view a metric ^ as an element of the euclidean space Let S'^{r) with n = ni(iT"^) — 1 

denote the sphere of radius r > 0. We set 

Mr{K^) = MiK^) n S^{r) = {ze M(K^) | |U|| = rj. 

For any 0 7 ^ x G M” let P(x) denote the orthogonal projection onto the line defined by x. More 
explicifly 

(4-9) P{x)y = II ~ X. 

- II^H 

The scale invariance 

F(Ax) = P{x) 

for all A > 0 is obvious. (5(x) = I — P(x) is fhe orthogonal projecfion onto fhe fangenf space 
TxS'^{r = ||x||) to 5”(r = ||x||) affhepoinlx. Sef 

_ n — 2 1 

(4.10) Ricr iz) = Q(z) Ein (z) = Ein (z) --—7^(z) ,^ z, 

A \ Zt \ 

which is defined for all z G By fhis definilion of Ric j(z) and since Q{z) is idempofenf 

(4.11) Ric j(z) = Q(z) Ric j(z) 

holds for all z G A4{K^). We view Ricr iz) as a frace free part of Ric{z). In facl 

(z, Ric jiz)) = 0 

holds. We consider relation (IA. 6 I) fo be fhe analogous relafion in fhe smoofh case. The following 
scaling relation is valid 

Ricr lAz) = (z), 

which is fhe same as for Ein (z) ifself. The main resulf of fhis subsecfion is fhe 

Theorem 4.6. Let Zq G AA{K"‘). The following conditions are equivalent. 

(1) Zq is an Einstein metric of type 1. 

(2 ) Zq satisfies 


( 4 . 12 ) 


Eiri jizn) = 0 . 
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(3) Zo is a critical point of the scale invariant function 

(4) Zq is a critical point of the function 


(4.13) 


Al{z) = n{z) - y llllp. 


(5) Zq is a critical point of the total scalar curvature TZ{z) restricted to A4j,=||5,^||(i^”). 

(6) Zq is a solution of the Euler-Lagrange equation, where the Lagrange function is the total 
scalar curvature and the constraint is the function 


(4.14) 

(7) Zq satisfies 

(8) Zq satisfies 


in case TZiz^) / 0. 
(9) The relation 


C{z) = ^\\zf - ^\\zo\ 


p.. X 2 (i;(io),.^Uo)) .. 

-£ 0 . 


^(io) = ":2ii^/-°)ii\ 


(4.15) 


= 


(n - 2)^ 


n 7^(^o) 


■\\zo\nEinizo)\(^ 


is valid. 


This theorem compares with a well known result for Einstein spaces attributed to Hilbert, see 
e.g. Theorem 4.21 in ||5l. The smooth analogue of Fj is given in (lA.llI) . 

Proof Condition (14.121) is equivalent to the condition that Ein (zn) is a multiple of the vector 
Zq by the definition of Q{zq). Thus (1) and (2) are equivalent. (3) is equivalent to the condition 
that the gradient of Fj{K^,z) vanishes at Zq. But 

= ||^||(n- 2 )/ 2 ^/(^) 

SO (1) and (3) are equivalent by Proposition 14.51 The equivalence of (1) and (4) is also clear. 
The condition (5) states that 

(u. Ein (zn)) = 0 

holds for every u € Tz^M-\\zg\\{ZZ‘^)- Now every such u can be written in the form u = 
Q{zq)x for some vector x, since Q{zq) is the orthogonal projection onto the tangent space 
(iC”). Therefore (5) is equivalent to 

(Q(zn)x, Ein (zn)) = 0 for all x G M"'. 

So (2) and (5) are equivalent. As for condition (6) let kj denote the Lagrange multiplier as¬ 
sociated to the constraint (14.141) . The Euler-Lagrange equation is then just (14.11) . Thus (1) and 
(6) are equivalent. Alternatively the equivalence of (5) and (6) is a consequence of the Euler- 
Lagrange variational principle, by which kj is also fixed. (7) and (8) are consequences of (1) 
due to Proposition 14.31 The converse is obvious. It remains to prove the equivalence of (1) and 
(9). By Schwarz inequality and (12.91 ) 

< -^^^^^\\zf\\Ein{z)\\‘^ 

holds with equality if and only if the vectors Ein (z) and z are collinear. If Ein (zn) = 0, that 
is if {K'^,Zq) is Einstein-flat, then Zq is an Einstein metric of type I and (14.151) holds. But if 
Ein (zr) 0 then (14.11) holds with ki / 0. Thus (1) and (9) are equivalent. □ 
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The roles of C{z) and TZ{z) can almost be interchanged. In fact with 

MpiK^) = {z£ M(K^) I 7^(z) = pj 

we have 

Corollary 4.7. Assume Zq G M{K'^) is such that Ein (zn) 7 ^ 0. Then the following two 
conditions are equivalent. 

(1) Zq is an Einstein metric of type 1. 

( 2 ) Zq is a critical point of C{^ on 

Proof Take 7?.(z) — 7 ?.(zq) as a constraint and take 1 /ki to be the the Lagrange multiplier. With 
C{^ as the Lagrange function the claim follows. □ 


4.2. Einstein metrics of type II. 


Lemma 4.8. If {K'^,Zq) is a p.l. Einstein space of type II, which is not Einstein-flat, then 

(4.16) {viEo), Ein{zQ)) / 0. 

Proof Take the scalar product of (14.21) with Ein jzn), which gives 

(4.17) \\Ein{^)\\^ - n,n{v{^),Em{^)) = 0. 

Assume now that (14.161) is not valid, that is its left hand side vanishes. But then Ein izn) = 0, 
contradicting the assumption. □ 

The following result is analogous to the one given in Proposition 14. 5 1 


Proposition 4.9. Let {K'^,Zq) be a p.l. Einstein space of type II, which is not Einstein-flat. 
Then kjj is given in terms of the total scalar curvature TZ{^) (12.41) and the volume as (^q) 
where 


(4.18) 


4/(^) = 


n 


with TZ{z) denoting the average scalar curvature, see (12.51) . ku is also given as rfjj {zq) where 

..(2),.,, {v{z),Ein{z)) 

^JJ \±) — II / MI2 

( 2 ^\ /o'j 

Kjj (z) is well defined for all z G Einally Kn E also given as k\j (zq) where 


Kfhz) = 


\\Ein{z)\\‘~^ 


(v(z), Ein (z)) 

which is well defined for all z G with (v(z). Ein (z)) / 0. 


Observe that k^^j {zq) = k4(1o) = if {K'^^Zq) is Einstein-flat, that is if 

Ein (zn) = 0 holds. Conversely, if Ein (zn) 7 ^ 0 , then also (v(zn), Ein jzf]) 7 ^ 0 by (14.171) . 
Observe also that like the volume V{z) its gradient v{z) never vanishes on AA{K'^) due to 

(ITTST) . 


Proof. Using the fact that U(z) is homogeneous of degree n/2, the proof of the first claim 
follows the same line as the proof of Proposition 14.51 As for the second claim take the scalar 
product of (14.21) with v_{zq). As for the third claim, since Ein (zn) 7 ^ 0 by assumption, we have 
(v(zn), Ein izr.)) 7 ^ 0 by Lemma l4^ So the third claim follows from (14.171) . □ 


Set _ 

My(K^) = {zG M(K") I V(z) = vj 

with n > 0. Also set 

— 2_ 

(4.20) Eiri jjiz) = Ein (z) - E(z)vh) 

n 
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which again is trace free, that is 

{z, Einjl{z)) = 0 

or equivalently 

Q{z) EinT j{z) = EinT riz) 

is valid for all z G The scaling behavior is 

Ricn iXz) = 

which is the same as for Ein jz) itself. 

Theorem 4.10. Let Zq G The following conditions are equivalent. 

(1) Zq is an Einstein metric of type II. 

( 2 ) Evnij{zf) = 0 . 

(3) zq is a critical point of the scale invariant function 

(4) Zq R (I critical point of the function 

(4.21) Ajj{z) = n{z) - KnV(z). 

(5) Zq is a critical point of the total scalar curvature R{z) restricted to 

(6) Zq is a solution of the Euler-Lagrange equation, where the Lagrange function is the total 
scalar curvature and the constraint is the volume function V (z). 

(7) Zq satisfies 

EM^) = 

(8) Zq satisfies 

\\Ein{zo)\\^Mzo)\\^ = {v{zo),Eini^)f. 

Again this theorem compares with Theorem 4.21 in [S and Eu compares with (lA.llI) . 

Proof. In view of Proposition 14.91 (1) and (2) are equivalent as are (1) and (7). The condition (3) 
says that the gradient of Ejj{z, K^) should vanish for z = Zq. But 

(4-22) YFiiiz) = 

which shows the equivalence of (2) and (3). The equivalence of (1) and (4) is also clear as is 
the equivalence of both (5) and (6) with (4). The equivalence of (1) with (7) is also clear. The 
equivalence of (7) with (8) follows from Schwarz inequality. □ 

The analogue of these two actions (14.131) and (14.211) is in the smooth case given by (IA.13I) . In 
dimensions n = 3,4 the p.l. version of the Einstein equations without a cosmological term, that 
is the equation Ein jz) = 0, has already been given and discussed by Regge |[36l . The analogue 
to the relations (14.61) . (14.71) . (14.81) . (14.181) . (14.191) and (14.191) in the smooth case is given by relation 
(TOh . 


4.3. Examples. 

First we provide an example of a p.l. Einstein-flat space. It is modeled on the n-torus T", which 
we recall is obtained as follows. On M" the group Z" acts in a natural way as a transformation 
group. The n-torus is then just the quotient space ME jlP. Consider a triangulation of which 
is invariant under IE. Such a triangulation is easy to construct. Indeed it suffices to construct a 
suitable triangulation on an n-cube. This is done by induction on n. For n = 1, the closed unit 
interval [0,1], declare the two endpoints to be vertices and in addition consider the barycenter, 
that is the point 1/2, to be the additional vertex. The intervals [0,1/2] and [1/2,1] are the two 
1-simplexes. Now consider an n-cube. For each of its 2n faces, which are (n — 1) cubes, by 
the induction assumption we can construct a triangulation. Add the barycenter v^ of the n-cube 
as a new vertex. In addition to the simplexes on the faces by fiat the new simplexes are of the 
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form U {vb}, where is any simplex in any of the faces of the n-cube. This completes 
the induction step. This triangulation of induces a triangulation of T", denoted by T". The 
edge lengths are of course induced by the euclidean metric on E*^. 

Example 4.11. for n > 3 is a p.l. Einstein space of both types, which in addition is Ricci- 
flat. 

Proof It is clear that the deficit angle at any vanishes, thus not only the average scalar 
curvature vanishes but also Ein due to (I2.10I) . □ 

Also for a given pseudomanifold and given G let Nk{a^; K^), k > I denote the 
number of /c-simplexes which contain aK that is Nk{a^; K^) = U{cj^ G D cr^}. For any 

o > 0, let a denote the metric by which z„\ = a holds for all that is all edge lengths are 
equal to y/a, and 11a| | = y/nflK^a. 

Finally let Nk{K"') denote the total number of A;—simplexes in The following lemma 
provides a sufficient condition for a pseudomanifold to carry an Einstein metric. 

Lemma 4.12. Let be such that all numbers K^) are equal (= A^i) as well as 

all Nn- 2 {o'^K"') (= N 2 ). Then a is an Einstein metric on of type I. If in addition all 
Nn{a^, K^) are equal (= Nf), then a is also an Einstein metric of type II. 

Proof. Observe first that | | (a) is independent of and with G (and of 

course zero otherwise). It depends only on n and a, is of the form g{n — where g{n) 

will be given below, see (14.251) . Similarly the dihedral angle cj’^)(a) only depends on n, 

cr"^)(a) = fin) and is also given below, see (14.241) . Therefore 

Ein^i (AT”, a) = Fa (1 - Nif{n)) g{n - 2) 

holds and is independent of a^. The first part of the lemma follows. As for the second part, the 
last assumption means that 

_ n —2 

= N3g{n)a~, 

which is independent of a^. The second part of the lemma follows. □ 


As an application we obtain 

Example 4.13. a); n > 3 is an Einstein space of both types. With the choice 


1 


Kj = - Ein^iida'^^^,g] 
a 

the condition in (lO) is satisfied. The volume of any euclidean n-simplex with equal edge lengths 
a is known, see |f2i 


(4.23) 


V{a\a) = 


/n + 1 


n\ 


Since contains n + 2 n-simplexes this gives 


F(8,T'‘«,a) = E±AG!./!CA 


n\ 


fin) = (cj” cj"') = — arccos —. 

27r n 


The dihedral angle is given as m 

(4.24) 

Also gin), defined in the proof of Lemma \4. 12\ is given as 

(4.25) gin) = 

The total scalar curvature equals 

(4.26) 


1 


(n + 1)! 

7^(5a-+^a) = a("-2)/2 (^^ + 2^ 


re + 1 


1 


(re- 2 )! V 2"-2 


re — 1 


1 3 1 

1-arccos — 

27r re 
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and is in particular positive. The Einstein vector field at a is given by 

(4.27) ., 0 ^ = —— , a) for all a^. 

2a 

Similarly 

(4.28) ,a) =-.— , ,a) for all 

(n + l)a 

holds, so with the choice 

_ n-27^(9fJ’"+^a) 
n V(da^~^^,a) 

compare dm]), the condition in (1421) is satisfied. To sum up, a) is ap.l. Einstein space 

of both types. 

The proofs of (14.261) - (14.281) will be given in Appendix |B| Additional examples for p.l. 
Einstein spaces seem hard to come by. Thus we do not know whether Lemma l4.121 allows for 
other examples. Also we do not know, whether, there exist pseudomanifolds having Einstein 
metrics of one type only. Recall for comparison that the spheres 5” with the round metric have 
constant sectional curvature and hence are Einstein manifolds, see e.g. ||5l p. 44. At present 
we do not know of any pseudomanifold which does not carry an Einstein metric (of either 
type). However, there is the much weaker result, by which there are p.l. spaces, which are not 
p.l. Einstein spaces of type I. 

Example 4.14. Consider any subdivision of with the following property: It has at 

least one 1—simplex, whose star is contained in the interior of a euclidean n— simplex ofda"'~^^. 
Such subdivisions can easily be constructed. Any such subdivision is Ricci-flat at at least one 
simplex but not Ricci-flat. 


5. Einstein flows 

In this section we will define Einstein flows and normalized Einstein flows. In what follows, 
with n > 3 will be fixed, and again we will mostly leave out of the notation. 

Given a pseudomanifold K, we would like to find an Einstein metric Zq of type I or II on 
through a flow on 

By proposition 14.61 (3) a first idea would be to look for a minimum of 72.(z)^. However, due 
to the scaling behavior (12.71) 

XvmIZiXz ) = 0 

A4.0 

holds for any z G In order to avoid this situation, one has to make a restriction. One 

possibility is to look for variations, which e.g. preserve the volume. 

This will bring us to the concept of normalized Einstein flow, for an introduction see e.g. IfTSlI . 
We recall that in the smooth case, a compact Einstein metric is a fixed point of the normalized 
Ricci flow, by which the volume is preserved. Conversely, any fixed point of the normalized 
Ricci flow is an Einstein metric. 

We start by defining the (unnormalized) Einstein flow equation as the gradient flow 

(5.1) ’z{t) = —2 Ein (z(t)) 

on Here and in what follows, ’ denotes taking the time derivative d/dt. The factor 

2 is in order to conform with the standard convention in the smooth case and can obviously be 
changed by a suitable rescaling of the time. 

Elows starting at an Einstein metric of type I are particularly simple. 

Proposition 5.1. Let {K^,Zq) be a p.l. Einstein space of type 1. Then 

(5.2) z{t) = fn{t)zo 

is a solution to the flow equation (1511) with initial condition z{t = 0) = Zq- particular z{t) 
is an Einstein metric of the same type. 

With the notation 

K{t) = Kl{K'^,z{t)) 
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and K = K{t = Q) for the initial value, the following relation is valid 

(5.3) K{t) = 

For n / 6 fnf) of the form 

(5.4) fn{t) = (1 + (n - 6)Kt)~^ 

valid for all 0 < t < oo if {n — 6 )k > Q and for all 0 <t < — ((n — 6 )k)“^ if {n — G)k < 0, 
while 

(5.5) = for all 0 < i < oo. 

Thus when (n — 6 )k < 0, then fn tends to zero in finite time if n < 6 and to infinity in finite 
time when n > 6. So far we have not been able to prove an analogous result for Einstein metrics 
of type II. 

Proof Make (15.21) an Ansatz. Then (14.11) in case of type I combined with (12.121) give the differ¬ 
ential equation 

(5.6) fn{f) = 
which may be transformed into 

(n —6) 

d(/n) ^ = (n - 6)Kdf, n / 6, 

dln/e = —2Kdt. 

Combined with the initial condition /„(f = 0) = 1 this easily gives (15.41) and (15.51) . (15.31) follows 
from (14.61) and (14.181) and the scaling laws (12.21) and (12.71) . □ 


In general, for a solution of (15.11) 



-2(n - 2)n{z{t)) 


follows by (12.91) . Since we only consider n > 3, under this flow | |z(f) 11 increases if 'R,{^{f)) < 0, 
decreases if TZ{z{t)) > 0 and is stationary at times t for which 7?.(z(f)) = 0. 


5.1. Normalized Einstein flows of type I. 

The. first normalized Einstein flow of type / is defined by the differential equation 
(5.7) 'z{t) = —2 Ein j(z(t)). 


The second normalized Einstein flow of type I is defined by the differential equation 


(5.8) 


Mt) = —2 Ein (z(t)) H— 
n 


4 {v{z{t)),Ein{z{t))) 


z{t). 


V{z{t)) 

The third normalized Einstein flow of type I is defined by the differential equation 


(5.9) 


kit) = —2 Ein (z(t)) + 


2 ll^(l(^))l|- 

n — 2 7^(l(/)) 


■z{t). 


By Theorem 14.61 a p.l. Einstein metric of type I is a fixed point of all these flow equations, 
whence the name flows of type I. By standard results for non-linear differential equations all 
these equations have solutions z{t) for all small t as long as the initial condition 2 ( 0 ) lies in 
A4(iT”). Eor the third flow (15.91) one has to assume 7^(l(0)) / 0 in addition. 


Proposition 5.2. • For any solution z{t) of the flow equation (15.71) ||i(f)|| and V(zit)) 

are constant. 

• For any solution zit) of the flow equation (15.81) the volume V (i(f)) is constant. 

• For any solution zit) of the flow equation (15.91 ) the total scalar curvature TZizit)) is 
constant. 
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Before we turn to a proof, we use this result to elaborate on the differential equation (I5.7I) . 
Ric (z(t)) can only become singular, when Ein (z(t)) becomes singular. By (12.101) in turn this is 
only possible lid^ I I (l(f )) becomes singular for at least one pair C Therefore by 

(13.31) the r.h.s. of (15.71) can only become singular when at least one of the volumes (l(f)) 
tends to zero. The two other flow equations may be discussed similarly. 


Proof. (14.91) . (14.111) and (15.71) give 
d 


dt 


{z{t),z{t)) = 2{z{t),z{t)) = -4(i(f),7^j(i(f))) = 0, 


as well as 

^V{z{t)) = {z{t),v{z{t))) 

= -^{^{z{t)),v{z{t))) + -- v{z{t)) - 

which proves the first claim. As for the second claim 
d 


df 


V{z{t)) = {z{t),v{z{t))) 

= -2{^{zit),v{z{t))) + - {z{t),viz{t))) = 0. 

n V{z{t)) 

We have used (12.151) . The last claim also follows by arguments, which by now are standard 

= -2||^U(f))|P + I ^ ^ {z, Evri{z{t))) = 0. 

dt n — 2 TZ{z[t)) 


□ 


This result states that with initial condition ^(0) 

• the first normalized Einstein flow of type I is a flow in A4r=||2(o)|| (7T”), 

• the second normalized Einstein flow of type II is a flow in Af (iT”), 

• the third normalized Einstein flow of type III is a flow in M.p=Ti{z{o)) {K^)- 

If the initial condition z(0) happens to be such that {K'^,z{d)) is Einstein-flat at a 1-simplex 
(T^, then 

• z]j and hence also increase for all small t if the total scalar curvature TZ{z{0)) is 
strictly positive. 

• z^. and hence also l„i decrease for all small t if the total scalar curvature Tl{z{0)) is 
strictly negative. 

• z}^{t) and hence also l„i {t) are stationary at f = 0, if 72.(z(0)) = 0. 

The following example in 3 dimensions illustrates this point. Eor n = 3 by (12.101) the Einstein 
vector field takes the form 


(5.10) 


Ein„i{K'^=^,z) 



E 

0-3 2 > 0-1 



1 



Example 5.3. Let A) be a subdivision of{K^^^,^. Since the deficit angle around any 

fji I g z') vanishes - see the discussion of relation (12.61) - is Einstein- 

flat at such . 

Of special interest is the case z) = (9cr^, a), a p.l. Einstein space with positive total 

scalar curvature. We now make a specific choice of the subdivision, namely we take 
to be the barycentric subdivision. This has the advantage that the symmetry of {da^ , a) under 
the group of permutations of the vertices is preserved. 
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Proposition 5.4. Under the barycentric subdivision g!) of the pd. Einstein space {da‘^,g 

we have 


(5.11) 




<0 for G 0i(i^’"=3',a') 
>0 for a^' ^Q^{K^=^',g!). 


Accordingly the lengths (t) increase or decrease for all small t under the flow (15.71) with 
initial condition = 0) = o'. Moreover Ric^i,a/) takes the same value for all 
a^' ',d). In particular the barycentric subdivision of the p.l. Einstein space 

{da^,a) is not a p.l. Einstein space. 


Observe that for a barycentric subdivision o'^i, = \afji when cr^' < cr^. 


Proof. The last claim follows by the symmetry of the barycentric subdivision mentioned above. 
Also this common value has to be positive by the first case in (15.111) and since |i(f)P is con¬ 
served under the flow (15.71) with initial condition f or equivalently by the tracelessness of Ric, 
that is ( 2 :', Ric (z')) = 0. □ 


By the scaling properties of the quantities involved, we immediately obtain the following 

Proposition 5.5. Let z{t) be a solution of any of the three flow equations (15.71) . (15.81) and (15.91) 
with initial condition z{0) and let X > 0 be arbitrary. Then z^{t) = Xz{X^'^~^^^'^t) is also a 
solution of the same flow equation with initial condition A 2 ( 0 ). 

Returning to (15.11) and (15.71) . by a proper scaling in space and time one can obtain a solution of 
the normalized Einstein flow from one of the Einstein flow itself. Indeed, let z{t) be a solution 
of the Einstein flow and set l{i) = c{t)z{t) with 

c(t) = i{t)= fc{s)ds. 

Jo 

Then g(i) is a solution of the first normalized Einstein flow. The proof is just as in the smooth 
case, see e.g. m- 


Theorem 5.6. 


(5.12) 


Under the first normalized Einstein flow (1577]) the total scalar curvature is a strictly 
decreasing function oft except when z{t) is an Einstein metric of type I 

Twilit)) = “2 Ric j(z(t)) 


• Let z{t) be a solution of the third normalized Einstein flow. Assume z{t) is not an 
Einstein metric of type I and R{z{t)) 7 ^ 0. Then || 2 (f)|| is strictly increasing at t if 
> 0 strictly decreasing at t if'R,{g{f)) < 0. 


Below, see Eemma l5.131 we will see that R{^ remains bounded, when | \z\\ stays bounded. 
Proof. Taking derivative of R{z{f)) w.r.t. t and using (15.71) gives 

(5.13) TZ{z{t)) = (z(t). Ein (z(t))) 

= —2( RicT (z(t)), Ein jzif))) 
and (15.121) follows by (14.101) . As for the second claim we calculate 

(5.14) 4||^(,)||. = -4(£Hl(i(l)),^{l)) + 

= (^ _ 2)n{z{t)) “ {Evn{z{f)),z{t)f) 

and so the claim follows by Schwarz inequality. □ 


Observe that for given t the right hand side of (15.121) vanishes if and only if z{t) is an Einstein 
metric of type I, see Theorem 14.61 The same holds for the r.h.s. of (15.141) . An immediate 
consequence is the 
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Corollary 5.7, Let Zq be an Einstein metric of type I. For the first normalized Einstein flow of 
type I to approach z^from the initial condition z{t = 0) 7 ^ Zq it is necessary that 

• Mt = 0)11 = iiioll 

• bl{z{t = 0)) > 7?.(zo) 

holds. 

Because any Einstein metric of type I is a fixed point of any of these three flows, an approach 
to such a metric can only be asymptotic due to the following lemma. 

Lemma 5.8. An approach to an Einstein metric of type I under any of these flows can at most 
be asymptotic. 

Proof. It suffices to consider the first flow, for the other two flows the proof is similar with some 
adaptions. Assume that under the flow z{t), where z(0) is not an Einstein metric, an Einstein 
metric Zq is reached in finite time, say z{T) = Zq. Consider the time reversed flow defined by 
Zrevf) = z(T — t), 0 < t < T. It satisfies the time reversed flow equation 

(5.15) k.revi.b) = ‘2' Ric j(z^f,y(t)) 

and starts at z{T). But this leads to a contradiction, since Zfgy{t) vanishes for f = 0 by (15.151) 
and therefore for all 0 < t < T by the uniqueness of solutions of (15.151) for given initial 
condition. □ 


We consider the first normalized flow to be the most promising one for further studies. Indeed, 
in combination with condition (5) of Theorem l4.6l we have 


Corollary 5.9. Assume z.^\^ is a local minimum ofTZ{^ on the set Adr=|| 2 j^.^|| (A"""). Then 
is an Einstein metric of type I. Assume in addition that ^min non-degenerate. Then there is a 
neighborhood Z^(lmin) such that the flow (15.71) starting there (but 

away from imin) will stay there and approach asymptotically. 

Proof. The first part follows from the following observation. Tl{z{t)) is strictly decreasing as 
long as the traceless Einstein vector field is non-vanishing. Since is a local minimum, 
the traceless Einstein vector field must be vanishing there and this is equivalent for z^:^^ to be 
an Einstein metric of the type I. If is non-degenerate, there is a neighborhood of z^^^, 
which does not contain another Einstein metric, that is any other critical point of TZ{z) on 
A 4 r =||2 . II(AT*^). Now we again use the fact that TZ{z{t)) is strictly decreasing away from 
an Einstein metric. The last claim follows by the previous lemma. □ 


A further immediate consequence of (15.131) and Proposition 15.21 is the relation 


(5.16) 


A-( 2 (f)) = 7?.(z(0)) — 2 / Ric jizis)) 

Jo 


ds 


for a solution of the normalized Einstein flow equation up to time t. 
Each of the three quantities 

2 


(5.17) 


= Ricr iz) 


Afa = 


Af(l) = 


rp- r \ 2 {v{z),Ein{z)) 2 

-— - 1 

n V (z) 


Ein (z) — 


2 \\Ein(z)\\" 


n — 2 R-iz) 

can be viewed as a measure for how much z deviates from an Einstein metric of type I on K^. 

The next result states that the total scalar curvature decreases at least linearly in time as long 
as one stays strictly away from an Einstein metric. 


Corollary 5.10. For given initial condition ^(0), which is not an Einstein metric, let the solution 
of the first flow equation exist up to time T > 0. Then there is a constant c > 0, depending on 
z(0) and T only, such that 

R-iAil)) < A.(z( 0 )) — 2ct 

holds for all 0 < t < T. 
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Proof. By assumption, by the continuity of s i-A z(s) and the continuity of the maps z i-A Ii(z) 
and z i-A Ein (z) 

c= inf A^/Vz(s)) 
o<s<r ^ 

is strictly positive. The claim now follows from (15.161) . □ 

The Aj ^(z), (i = 1, 2,3) satisfy the scaling relation 

(5.18) A®(Az) = A""^A®(z). 

Therefore their infimum 

Ni^\r) = inf aI^Vz) 
zeMriK’-) 

satisfy the scaling relation Nj^\Xr) = X^~^Nj^\r). We have the obvious result 

Lemma 5.11. For K"' to have an Einstein metric of type /, it is necessary that Nj^'^ (r) = 0 
holds for all i and some r > 0 (and hence all r). 

From (15.161) we derive the a priori estimate 

(5.19) 7^(z(^)) < 7^(z(0)) - 2fArj^)(||z(0)||) 
for any initial condition z ( 0 ). 

In Appendix|C]we prove the next lemma. It provides smoothness properties of the total scalar 
curvature and the Einstein vector field, some of which we already have used. 

Lemma 5.12. The volume, the total scalar curvature, the Einstein vector field and the traceless 
Einstein vector fields are smooth functions of the metric z G 

Therefore by standard results from the theory of differential equations, for given initial con¬ 
dition z(0) G A4{K^) there is a unique solution z(f) G to the normalized Einstein 

equation of type I for 0 < f < T (T > 0). We will choose T to be maximal, thus allowing for 
T = oo and then T depends on the initial condition condition only, T = T(z(0)). Observe that 
the solution can not run to infinity, since 11 z(f) 11 = 11 £( 0 ) 11 for all t. 

So if we assume T < oo, then z(T) G dM.{K'^) n 

If we could prove that the vector field Ricr (z) is “fangenfial” fo fhe boundary dM.{K^) 
for z G dM.{K'^), and hence actually “tangent” to 0 ^ 411211 (^ 6 "^), then the flow could never 
leave and we would have arrived at a contradiction that T is finite. So we turn to a 

more detailed analysis, first of the total scalar curvature, the Ricci vector field and fhe fraceless 
Einsfein vecfor fields near fhe fhe boundary and fhen fo an analysis of fhe boundary ilself. The 
following bounds are obvious 

< Cfc||l||^/^ 0 < (cj"-2,(t") < 1. 

The Cfc < 00 are universal consfanfs. Eel Nk{K"‘) denole the number of fe-simplexes in i 6 ", 
and 

Nk,i{K'^) = max tJ(o-' : cr^ D fJ^), 
the maximum number of times a fc-simplex is the face of an (-simplex. 

Lemma 5.13. The bounds 

V{z)<CnNn{K^)\\z\r/^ 

|76(i6",z)| < Cn- 2 Nn- 2 {K)N^_ 2 AK^)\\z\\^"-^^/^ 

are valid. 


As an immediate consequence we obtain the following result: With 

^min(r) = min 76(z) 

1 : lUIN'’ 


the estimate 

76min(r-) > -C„_2iVn-2(i6")A„_2,„(i6")r("-2)/2 

is valid. Combining this with the estimate (15.191 ) we obtain the 
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Proposition 5.14. If is such that Nj{K'^,r) > 0, then a flow starting at Zq cannot be 
continued beyond the time T with 

- 2JVKK~.||zo||) - <i.-2iV„-2(K”)iV„_2,„{A'")||all'”-">''") . 


5.2. Normalized Einstein flows of type II. 

In this subsection we provide an alternative definition of a normalized Einstein flow and which 
is closely related to the concept of a p.l. Einstein space of type II. Eor this definition we invoke 
the gradient v of the volume. 

By definition the^zr^t normalized Einstein flow equation of type II is given as 

(5.20) z{t) = —I RicT iizit)), 

see (14.201) . The right hand side of (15.20b equals 

-2V{z)^'^-‘^^/^VFjj{z), 


see (14.22b . 

By definition the second normalized Einstein flow equation of type II is given as 


(5.21) 


z{t) = —2 Ein (z(t)) + 2 


{v{z{t)),Em{z{t))) 


v{zit)). 


Mmw 

By definition the third normalized Einstein flow equation of type II is given as 

\\Ein{z{t)W 


(5.22) 


z{t) = —2 Ein (z(t)) + 2- 


{v{z{t)),Ric{z{t)))' 

By Proposition 14.91 an Einstein metric of type II is a fixed point under all these flows. Set 
M°(iT”) = {zG M(K^) I (v(z).mc(z)) = 0}. 

In analogy to Proposition 15.21 we have 


Proposition 5.15. Under the flow (15.20b | |z(f) 11 is constant while under the flow (15.21b V (i(f)) 
is constant. Under the flow (15.22b IZ{z{t)) is constant as long as z{t) ^ A4^(iT”’). 


Recall that unless the Einstein metric Zq of type II is Einstein-flat, one has (^(^o), Ein (zn)) / 
0, that is Zq Therefore by continuity there is a whole neighborhood of Zq, which 

does not meet 


Proof The first claim follows from the tracelessness of Ric jj. since 


^ {z{t),z{t)) = 2{z{t),z{t)) = -4:{z{t),Ricjj{z{t))) = 0. 


As for the second claim 


d 


— V{z{t)) = {z{t),v{z{t))) 

= -2{Ein{z{t),v{zit))) + 2-^^^=|^^^=|=^(u(z(f)), u(z(f))) = 0. 

The proof of the last claim is analogous and will be left out. 


□ 


In analogy to Proposition 15.51 we have 

Proposition 5.16. Let zft) be a solution of one of the three flow equations (15.20b . (15.21b and 
Km with initial condition z{0) and let X > 0 be arbitrary. Then z^{t) = Az(A("' is a 

solution of the same flow equation with initial condition Az(0). 
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Set 


7^(l) = 


7^U) 


Viz) 


= 7^ 




a scale invariant quantity. In analogy to Theorem 15 ■6l we have 

Theorem 5.17. Under the flow (15.201) is decreasing and strictly decreasing except at 

an Einstein metric of type II 


(5.23) 


fflum = ——^ 

V{z{t)) 


Riciiizit)) 


Under the flow (15.211) IZizft)) is strictly decreasing except at an Einstein metric of type II due 
to 


1 


(5.24) A7^(z(^)) =-2- 

dt \\vizit))\f 

and Schwarz inequality. 




The comment after Corollary 15.71 carries over to the present situation: Since any Einstein 
metric of type II is a fixed point of the flow (15.201) . any approach to such a metric under this flow 
can at most be asymptotic. 


Proof A short calculation gives 

^nizit)) = \ 2 Hit)^Bfciiizit))) 

dt Vizit)) — 

and (15.231) follows by inserting the flow equation (15.201) . (15.241) follows by an easy calculation, 
so the last claim is a consequence of Schwarz inequality and statement ( 8 ) in Theorem l4.10l □ 

In analogy to Corollary 15. 7 1 we have the 

Corollary 5.18. Let Zq be an Einstein metric of type II. Eor the first normalized Einstein flow of 
type II to approach zofrom the initial condition zf = 0) 7 ^ Zq it is necessary that 

• IJl(t = 0)11 = lUoll 

• Twilit = 0)) > 7^(io) 

holds. 

Eor the second normalized Einstein flow of type II to approach zq from the initial condition 
^it = 0) Zq it is necessary that 

• Vizit = 0)) = y(zo) 

• Twilit = 0)) > 7^(io) 

holds. 

In analogy to Corollary 15.91 we have 

Corollary 5.19. 


• Let z^i^ be a local minimum oflZi^ on the set . ||(A'"^). Then there is a 

neighborhood Uiz^^f) in A 4 ^=|| 2 ^.^||(A'"^) of z^^^, such that the flow (15.201) starting 
there will stay there and approach z^ij^. 

• Let be a local minimum oflZi^ on the set . )(iT’^). Then there is a 

neighborhood (7(Zr n:n ) in M.v=V{z ■ )i^"') (>f z^iw ^nch that the flow (15.211) starting 
there will stay there and approach ^min- 
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In analogy to (15.171) . each of the quantities 


Afffe) 

Af,>U) 


Ricj j(z) 
Ein (z) — 

Ein (z) — 


(v(z), Ein(z)) 

MzW 

(v(z), Ein (z)) 


nU) 

viz) 


2 


2 


is a measure for how much the metric z deviates from an Einstein metric of type II on 


6 . Second variation of the total scalar curvature at the boundary 

OF THE EQUILATERAL 4-SIMPLEX. 


In this section we will analyze the behavior of TZ{da^,^), where z is close to the Einstein 
metric a, by computing the second variation. Similar calculations have been carried out on the 
double tetrahedron in ifTOl . 

As a preparation we discuss the general case, namely the second order variation of the total 
scalar curvature at an arbitrary p.l. Einstein space {K^,Ze) (of the first or second type). Then 
we consider the variation at fixed fourth moment of the edge lengths, that is ||i|p stays fixed. 
Einally we defermine the variation at fixed volume V (z). Eor a corresponding discussion in the 
smooth case see BTI . 

The pseudomanifold has five vertices and ten 1—simplexes. The relations ||a|p = lOa^ 
and a u„\ = (a, u) will often be used without explicit mentioning. Any nonempty set of 
vertices defines a simplex in da^. Therefore any 1— simplex is contained in three 3— simplexes. 
The automorphism group Aut{da^) is easily seen to be isomorphic to S 5 , the permutation group 
of 5 elements. In fact, any restriction s G Aut{da‘^) to the five vertices is just a permutation. 
Conversely any permutation s of the vertices can uniquely be extended to an automorphism 
of the pseudomanifold da'^. Any automorphism automatically extends to a metric preserving 
automorphism of ida‘^,a). We shall refer to this observation as the symmetry (of (9 (t'^,o)). 
There is a representation s i-A T{s) of Aut{da^) into GL(10,M) given as (T(s)z)o.i = Zg-i^i, 
where we assume the set of 1—simplexes to be ordered in some way. T{s) is just a permutation 
matrix and detT(s)^ = 1 holds. Observe that the set of 10 x 10 permutation matrices defines 
a representation of the permutation group Sio, a much greater set. 

Eurthermore consider the following linear real representation s —)• 0{s) of Aut{da‘^) on 
given as ((^(sjx)^! = Since obviously ||0(s)x|| = ||x||, this representation is also 

orthogonal. It leaves and each Ad||a||(5(T^) invariant. In other words Aut{da‘^) acts as 

a transformation group on each of these spaces. {da‘^,a) is the only fixed point on Ad||a|| (Ocr^). 

Eet z{t) be a local differentiable one-parameter family of edge lengths squared and let 
denote differentiation w.r.t. t. By (12.111) 

( 6 . 1 ) ^ 

Q-n — 2 ( 7 ^ — 2 


The obvious relations 


n—21 — 


n—2 1 


^n-2| = ^ ^ z„lZpld^^ dP^ \cj' 


n—2 1 


give the general relation 


(6.2) = X] (o-" 


n—2 1 


+ ^ 5[a'^-‘^)[zpidP"\a'^-‘^\+^z,iZpid^"dP"\a 


n—2 1 
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In the concrete case of {da^,a) we are able to determine the explicit form of the second order 
variation. 


6.1. Second variation of the total scalar curvature with fixed fourth 
moment of the edge lengths. 


Theorem 6.1. The second order variation of the total scalar curvature on Ad||a||(9cT'^) at 
a) is negative definite. Therefore {da^,a) is a local maximum on Ad||a||(9 ct^). 


For a comparison with the smooth case, see BTI . p. 125. 

The remainder of this subsection is devoted to a proof of this theorem. So we specialize (16.21) 
to {da^,a), such that in particular n = 3, and we will take recourse to (16.11) rather than (16.21) . 
Also we make the choice 


(6.3) 


zit) 


a + tu 
a + I ’ 


a vector with ||i(f)|| = ||a|| and z{t = 0) = a. u is arbitrary and —e<t<e with e > 0 
sufficiently small. 

Set Fu{f) = Ti{^{t)), so the object of interest is Fu{t = 0). Observe that Fu=o{t) is a 
constant, namely R{a). The following lemma will be useful. 


Lemma 6.2. For any A the relation 

(6.4) Fu+Xa{t) = Fu{t') 
with t' = t/{l + At) is valid, such that 

(6.5) = 0) = = 0) 

holds. In particular F^f) is constant ifP{a)u = u and 

( 6 . 6 ) Fyft = 0 ) = F(^i-p(a))u{t = 0 ). 

holds for general u. 


Proof. (16.41) follows from the trivial relation 

a + t{u + Aa) a + t'u 
I |a + f(tt + Aa)|| ||a + f'u|| 

(16.51) follows from a short calculation using (16.41) and the relation 

Fu{t = 0) = TZ{z{t = 0)) = {z{t = 0), V7^(a)) = {z{t = 0), ka) = 0, 

which holds due to (16.81) and since {da‘^,a) is a p.l. Einstein space. The last claims follows from 
(16.4b by making the choice A = —(a, u)/\ |fl| P; such that u + Aa = 0 and by using (16.5b . □ 


(6.7) 

gives 


For the computation of (16.1b the derivatives therein have to be calculated. The relation 

1 {iQL + tu),u) 


t{t) = 


\a + tu-l I 


u — 


|a + tu\\^ 


(a + tu) 


(6.8) z{t = 0) = (I — P{a))u 

and therefore the first variation of the total scalar curvature at f = 0 vanishes as should be, since 

(6.9) P-izf = 0)) = {z{t = 0), V7^(a)) = {z{t = 0), ka) = 0. 

Relation (16.8b gives 

( 6 . 10 ) wmz{t = 0 )) = = 0 ) = {(J - P{a))u)ai ■ 

Taking the derivative of (16.7b gives 


(6.11) l(f) = ||a|| -2 


{a,u) 


tU — 


{u,u) 


a + tu\\^ ||a + f;u|P 


(a + tu) + 


3((o + tu),u) 
||a + tu\\^ 


- (o + tu) 
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and hence 

( 6 . 12 ) 


■z{t = 0 ) = -2 


{a,u) {u,u) ^{Qi,u) 


12 — 


u — 


12 - 


a + 


a. 


14 - 


The relation 
(6.13) 


= 0 ) 


1 Z^i{t = 0) 1 Z^i(t = 0) 

2z^i(t = 0)V2 4z^i(t = 0)3/2 


implies 

(6.14) |iTi|(z(i = 0)) 


{a,u)u^i ^'/o-{u,u) 3y^(u, P(a)u) 1 ((I — ^’(a)) 

■s/«ll«IP 2 ||a|p 2 ||o|p 4 a3/2 


where (a, m)^/||o|P = {u, P{a)u) has been used. Now we are able to provide the second term 
on the r.h.s. of (16.11) in the present context. A short calculation gives the following quadratic 
form 

(6.15) {u,Q 2 u) = '^S{a^)\a^\{a) = ^1 - arccos ^ |cri|(a) 


that is 

(6.16) Q2 = {^--k ■ 


Use has been made of the symmetry by which all are equal. Note that this result is in 

agrement with relation (16.51) . Actually by this relation one may make the replacement u —)■ 
(I — P{a))u in (16.141) providing an easier proof of (16.151) . Below, see (16.411) . a similar argument 
will be used to simplify an otherwise lengthier calculation. 

The term ()(cr^) in (16.11) (with n = 3) is harder to come by. By the chain rule 

(6.17) (5(cr^) = '^dP'^6{a^)zpi, 
that is 

(6.18) = 

pi 


with the 10 X 10 matrix 

(6.19) P" =-dP"6{a^) = dP\a\a^). 

We claim that dP^ (fi^, = 0 unless both and are in and then 

^ if fji = pi 


( 6 . 20 ) 


dP {(J\(y^){a) = 


27ra3\/2 

1 

27ra3\/2 

1 

2'Ka^/2 


if fj! / pi,fji n pi / 
if (ji n pi = 0. 


The summation over in (16.191 ) may be carried out using the combinatorial structure of da'^, 
see the discussion at the beginning Appendix |Dl to give 


( 6 . 21 ) 




-^72 if 

^ if aVpi,ainpi/ 
1 

27rcc\/2 


if (ji n pi = 0. 


In particular M is a symmetric matrix. The proof will be given in Appendix |D] Thus 
(6.22) (i(ai)(a) = - ^ (a) ((I - P{a))u)p, . 
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Introduce the symmetric matrices Ni and N 2 


(6.23) 

(6.24) 


Ni 


N 2 



if cr^ n = 0 
otherwise ’ 

if cr^ / n / 0 

otherwise 


An explicit matrix representation of Ni and N 2 will be given Appendix iDl 


Lemma 6.3. ||23 A^i A 2 = N 2 N 1 = 2{Ni + N 2 ) holds, so that these matrices commute. They 
have the spectral decompositions 

( 6 . 25 ) 1 = Hi + Hi + H5 , Ni = 3 Hi- 2H4 + H5 , N2 = + H4- 2H5 

I - p{a) = (91 - iV^ - Ar 2)/10 = F 4 + i^5 
with the orthogonal projections Hi to i—dimensional eigenspaces: 

(6.26) Hi := (I + A^i + iV2)/10 , H 4 := (6I-4A^i+iV2)/15 , F 5 := (31 +iVi - iV 2 )/ 6 . 


The proof will be given in Appendix |D] by providing an explicit matrix representation for 
Ni,N 2 andl-P(a). 

Set 


(6.27) 


M = 


2'Ka?HQy/2 


M. 


With respect to a specific ordering of the 1—simplexes and hence of the matrix indices for M, 
M is given by (ID. 31) in Appendix |Dl Therefore with 


(6.28) 


Qi = -(l-P(a))M(l-P(a)) 


we have 
(6.29) 


Qi 


1 

27ra^/^6\/2 


Qi with Qi 


5774 - 10775. 


To prove the theorem, it suffices to analyze the spectrum of Q = Qi + Q 2 - Indeed, observe 
that a E ker Q and hence also (a, Qa) = 0 as predicted by Lemma l 6 ^ So 0 is an eigenvalue 
of Q of multiplicity at least 1. The tangent space TaA4{da'^,gj) to A4(da^,q} at a, however, 
is just (I — P{gj)). Therefore, if we can show that Q < 0 and that 0 is a simple eigenvalue, 
then we are done. Finally, it suffices to prove this for one value of a and we choose a such that 
27ro^/^6\/2 = 1. So for the matrix Qi — k(1 — P{a)) = (5 — k)H 4 + (—10 — k)H^, with 
K = 9V2it (1 — ^ arccos 5 ) = 16.4846, we obtain its eigenvalues and their multiplicities as 
1261 


-26.4846 (5 -fold), -11.4846 (4-fold), 0 (simple). 

This shows in particular that 0 is a simple eigenvalue. 

The degeneracies of the eigenvalues in the two second variations have a simple explanation 
in terms of representation theory. Indeed we have the following 

Theorem 6.4. Both Ni and N 2 are intertwiners for the representation 0(s) of Aut{da*) on 
In addition 0{s)P{a) = P{a}0{s) = P{a) holds. 

Proof. The last part is trivial. As for the first part observe that for any pair of 1-simplexes 
and and any s the following is valid 

• = ST^ if and only if = r 

• and sr^ have exactly one vertex in common if and only and have one 

vertex in common 

• and sr^ have no vertex in common if and only s~^a^ and have no vertex in 

common. 

The first claim then follows directly from the definitions of 7Vi and N 2 . □ 
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Corollary 6.5. The spaces Ran Hi i = are invariant under the representation 0(s). 

Proof. This follows directly from (I6.26I) . □ 

Now decompose the representation 0{s) into irreducible components. By this theorem each 
of the second variations is a multiple of the identity transformation on each of the irreducible 
components. Of course RanP(a) is the (only) invariant subspace for the trivial representation. 

Lemma 6.6. The alternating representation s —)■ sign s does not appear as a sub-representation 
ofO{s). 

Proof. Assume there is x such that 0(s) x = sign s x holds for all s. We will show that x = 0. 
Fix any a^. Then = signs x^i by the definition of 0(s). Let s be the transposition of 

the two vertices contained in such that signs = —1 and s~^a^ = a^. Therefore x„i = 0 
holds. Since cj^ is arbitrary, this concludes the proof. □ 

As for its irreducible representations, S 5 has two one-, four-, and five- dimensional represen- 
fafions and one 6 -dimensional represenfafion. The represenfafion mafrices can be chosen such 
fhaf fheir enfries are integer valued, see e.g. ll20l . page 28 and 60. Observe that TrO(s) = 4 
holds for any transposition s. By comparison, an inspection of the characters evaluated at the 
transpositions shows that the four-dimensional representation arising as a sub-representation 
of our 0{s) is the one denoted by V in ll20l . Similarly the five-dimensional represenfafion 
arising as a sub-represenfafion of 0{s) is fhe one denofed by W in lf20l . This gives all irre¬ 
ducible componenfs of 0(s): The frivial one- , fhe four-dimensional represenfafion V and fhe 
five-dimensional represenfafion W, all appearing once. To sum up. Ibis discussion explains fhe 
degeneracies of fhe fwo eigenvalues of fhe second variafions. 

This completes fhe proof of Theorem 16. 11 

6.2. Second variation of the total scalar curvature with fixed volume. Now we will consider 
the variation with 

( 6 - 30 ) + 

z(0) = a and by (12.21) V{z{t)) = V (a) for all t. Set 

Mv(a){dcr^) = {1 G M{da^) \V{z) = R(a)} 
and Gyft) = TZ{z{t)). In analogy to Lemma [ 6 ^ there is 
Lemma 6.7. For any A the relation 

(6.31) = Gu{t') 
with t' = t/{l Xt) is valid, such that 

(6.32) ^Gu+Xa{t = 0) = = 0) 

holds. In particular Gu{t) is constant ifP{a)u = u and 

(6.33) Gu{t = 0) = G(j_p^a))u{t = 0) 
holds for all u. 

Proof. (16.311) follows from the trivial scaling relation 

—-^;—7- (a -|- tiu -\- Xa)) = -TTTT—^- r(a -|- t'u) 

R(o-|-f(u-|-An)) (1-|-Af)^/^R(a-|-Fu) 

and the scaling behavior of the Regge curvature. In a moment we will prove 

(6.34) z{t = 0 ) = (I — P{a))u. 

Therefore the arguments in the proof of Lemma [R2] may be taken over to verify the remaining 
claims. □ 
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Theorem 6.8. The second variation Gu{t = 0) defines an indefinite, non-degenerate quadratic 
form on the tangent space TaM.v(a){d(y^)- Thus is a saddle point of the total scalar 

curvature when restricted to the space 

Since the gradient n of the volume at z = a is parallel to a, the two tangent spaces Ta,Ad||(j||(5cr^) 
and TaA^y(a)(9cr^) coincide. 

Again for a comparison with the smooth case, see HU . 


Proof 

(6.35) 


z{t) = 




2 


y(a)2/3 


r (ff (« + tu) ,u){a + tu). 


To establish (16.341) . observe that v{a) = Xa holds with A = (a, v{a ))/| |a| p. Therefore 


(6.36) 


/ , ^ \ {a,via)){a,u) 3^^^ ^(a,u) 

{v{a),u} =-rr-jT 5 - = tiV [a 


a ||2 2'^-'\\a\\‘^' 


Use has been made of the Euler relation (12.151) . Inserting this into (16.351) (with f = 0) proves 
(16341) . 

As a consequence of (16.341) the first variation Gu{t = 0) vanishes as it should. Indeed, 


(6.37) 


Gu{t = 0 ) = {z{t = 0 ), Ein (a)) = ((I — P{a))u, ka) = 0 . 


In addition 

(6.38) = 0)) = ((I - P(a))u)^i 

holds due to (16.341) . By (16.81) and (16.341) z{t = 0) agree for both variations (16.31) and (16.301) . The 
same holds true for |cT^|(f = 0) by (16.101) and (16.381) . Thus the first term in (16.11) leads to the 
same quadratic form which we now denote by Qiy, that is Qiy = Qi. 

The second derivative of z is 

, 10 V{a 

9 U(a + 

2 ViaY/^ 

~ 3 V{a + tufP ^ ® ’ 

such that by (16.361) 

(6.40) zf = 0) = -2^n + W(a),n® n)a. 

I lull 2 ||o|p oVya) 

The following observation allows us to shorten the calculation. By (16.331) we may make the 
substitution n —)• (I — P{a))u. Thus the two first terms on the r.h.s. of (16.401) vanish. The 
general relation (16.131) then gives under this substitution 

(6.41) |c7i|(z(f = 0)) = y/^(f = 0) 

= "ipTJ«' ■ "i'll- -P(a))s> 

for all and with the symmetric 10 x 10 matrix My given as 

(6.42) =dP^d^'v{a)= ^ d^'\a^\{a). 

Thus we arrive at the following quadratic forms 

(6.43) ^(5(cj^)|cji|(i(f = 0 )) = f 1 ^ + Q3,v)u) 

cr^ cr^ 


)2/3 


tu)^P 


{v{a + tu ), (a + tu) 


(6.39) 'z{t) = — 


4 U(a)^/3 

3 I/(a + tu)^P 


{v{a + tu ), 
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with 


(6.44) 



1-arccos - 

271 3 


1-arccos - 

277 3 




^ (I-P(a))My(I-P(a)) 


Lemma 6.9. My is given as 


(6.45) 



with 


(6.46) 


^11 f ® if = 

My/ =< -2 if ^ T^,p^ n / 0 
3 if /9^ n = 0 


and 


(6.47) 


^11 ^ if p^ = 

M(r/ = < 2 if pi ^ pi n / 0 
1 if pi n ri = 0 


The proof of this lemma will be given in Appendix |El With respect to the ordering (ID.21) of 
the 1—simplexes M^y and M/^y have a matrix representation given by (ID.4I) and (ID.51) . To 
sum up, we have 


Qy = (I-P(a))My(I-P(a)) 


(6.48) 

with My given as 

(6.49) 
and where 


My = — 7 iM — 72 I + ■ysMy^^ + 'y4My^4 



Set Qy = j 4 Qy. With c := 71/74 = -\/ 2 ( 7 r(l — ^arccos ^(1/3))) ^ « 1.09193 the 

following spectral decomposition 

(6.51) 

Qy = (I-P(a)) (^-c M - 6 I + 4 Mv', 3 + My,4) (I-P(a)) = (-ll+5c)774 + (46-10c)P5 

is valid. In order to establish that Qy is indefinite for all a with 0 being a simple eigenvalue, it 
suffices fo show fhaf Qy has fhese properties. Buf Qy has fhe following approximafe eigenval¬ 
ues wifh multiplicities |[26l : 

—5.54 (4 —fold), 0 (simple), 35.08 (5 — fold) 

In particular we see again fhaf 0 is a simple eigenvalue. Also fhe inferprefafion of fhe degenera¬ 
cies is as above, see Theorem 16.41 This concludes fhe proof of Theorem 16. 8 1 □ 

7. Open Problems. 

The material provided so far gives rise fo a hosf of open problems, of which we lisf some 

• Besides fhe examples already given find additional p.l. Einsfein spaces. 

• In particular find p.l. Einsfein mefrics, which are of fype I buf nof of fype II or vice 
versa. 

• Given a pseudomanifold K^, which admifs an Einstein mefric, are fhere proper subdi¬ 
visions of AT”, which also admif an Einstein mefric? 


















32 


R. SCHRADER 


• Given two pseudomanifolds Ki and K 2 admitting Einstein metrics (of the same type), 
find necessary and sufficient conditions for the simplicial product K 1 AK 2 (see 14^ for 
the definition) admitting an Einstein metric of the same type. 

• Compact hyperbolic manifolds are Einstein spaces. Do they have triangulations, which 
admit an Einstein metric? 

• Given any smooth (compact) Einstein space Ai, does it admit a sequence of finer and 
finer triangulations having Einstein metrics, such that the resulting p.l. Einstein spaces 
approach Ad, e.g. in the sense of the Gromov-Hausdorff metric? Eor example do their 
total curvatures approach the total curvature of Ad, cf. OS? 

• Can one use the concepts introduced here for interesting numerical simulations? 

Eor comparison recall some well known facts in the case of manifolds. 

• In three dimensions, (M, g) is an Einstein manifold if and only if it has constant sec¬ 
tional curvature, see e.g [51 ■ 

• If (M, g) is a four-dimensional Einstein manifold, then x{^) ^ 0 with equality only if 
{M,g) is flatja. 

• (J. Thorpe) If {M,g) is a compact oriented Einstein manifold of dimension 4, then 
x(M) > 3/2 |t(M)| holds, where t(M) is the signature of M |l46l|24l- 


Appendix A. Smooth Einstein spaces. 


Eor the purpose of making comparisons, we recall some basic and well known facts from 
the theory of Einstein spaces in Riemannian geometry, see e.g. |15]|4T1- In addition and for the 
purpose of comparison we shall elaborate on relations obtained from scaling the metric. 

Eet M be a smooth, compact and closed n— dimensional manifold. Eor any smooth Rie¬ 
mannian metric g, given in local coordinates ( X ^ X ^ * * * ^ X ^ 3.S 

9{x) = gij{x)dx'‘dx^ 

the volume form is 


dvol{g){x) 


^Jdei gij{a 


dx^ A 


Adx" 


the Ricci tensor is 

Ric{g){x) 


and the scalar curvature is 


Ric{g)ij{x)dx^dx\ 

id 


(A.l) 


R{9 ){x) = Y^g^^{x)Ric{g)ij{x) 
id 


where g^^{x) is the matrix inverse to gij{x). As usual, raising and lowering of indexes is 
achieved with these metric tensors. Also from now on we will use the Einstein summation 
convention. The volume is 


(A.2) 

the total scalar curvature is 


yi9)= [ dvol{g){x), 
J M 


n9) 


and the avarage scalar curvature is 



R{g){x)dvol{g){x), 


R{9) 


ng) 

V{gy 


By definition g is an Einstein metric and correspondingly (M, g) an Einstein space if there exists 
a constant k such that 


(A.3) 


Ric{g){x) = kg{x) 
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holds for all x G M. If g is an Einstein metric and if Ric{g){x) vanishes for some x, then 
trivially A: = 0 and therefore Ric{g){x) = 0 for all x, that is {M,g) is Ricci-flat, compare 
Proposition 14 .4 1 for a corresponding result in the p.l. context. 

If n > 3, which we shall assume from now on, then by (I A. Ill necessarily R{g){x) is constant 
on M - therefore equal to R{g) - and k is given as 

(A.4) k = -R{g). 

n 

In general 

(A.5) Ric{g){x) - 

n 

is called the traceless part of Ric{g){x) and which means 

Y^g"^{x) iRic{g)ij{x) - = 0 , 

a direct consequence of (lA.ll) . Its integrated version 

(A. 6 ) [ '^g"^{x) (Ric{g)ij{x) - dvol{g){x) = 0, 

Jm^ \ n J 

is of course a much weaker statement. 

Given a metric g, the scaled metric \g with A > 0 is given in local coordinates by {Xg)ij (x) = 
Xgij{x). Then trivially [XgY^(x) = X~^g^^{x) holds. If F{g) is any functional of g, like V{g) 
or Tl{g), then F{g) is said to be homogeneous of degree m if F{Xg) = X^F{g) holds for all 
g. Similarly a functional F {g) of g, which is a function on M, is homogeneous of degree m if 
F{Xg){x) = X'^F{g){x) holds for all x G M. Examples are 

(A.7) V{Xg) = X^/^V{g), R{Xg){x) = X-^R{g){x), n{Xg) = X^^-^^/^n{g). 


Eor any functional F{g) its variational derivative (intuitively an infinite dimensional gradient) 
is written as 

. \ . Fig), 

ogij (x) 

More precisely, let h(x) = Yli j hij{x)dx^dx^ be any symmetric tensor field. Then the varia¬ 
tional derivative is uniquely defined as a linear functional on the space of all smooth symmetric 
tensor fields h by 


(A. 8 ) Y.F{g){h) =-^Fig+ th) =[ '^hijix) ^ F{g)dvol{g){x). 

dt t=o Jm^ dgij[x) 


Standard examples are 


1 


(A.9) — 

dgij{x) 2 ogij[x) 


T^ia) = - Ric{gY^{x) - 


R{g){x) j. 


g^^ix) 


Lemma A.l. IfF{g) is homogeneous of degree m, then ^F{g) is homogeneous of degree m — 1 
and 

6 

^gij (x) 

is homogeneous of degree m — n/2 — 1. 



Proof We differentiate 


w.r.t. f at f = 0 and obtain 


F{Xg + th) = X^F{g + jh) 
VF{Xg)ih) = X^-^VF{g)ih), 


which is the first claim. As for the second, we observe that dvol{g){x) is homogeneous of order 
n/ 2 , from which the second claim follows. □ 
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V{g) serves as an example. Also bv dA.VI) Ric{gy^ (x) is homogeneous of degree —2 as is 
R{g){x)g^^ (x), see (IA.5b . Therefore 

Ric{g)ij{x) = R{gf\x)gik{x)gij{x) 

is homogeneous of degree 0. This is compatihle with (lA.ll) . 

Corollary A.2. If g is an Einstein metric, so is Xg for all A > 0. 

The next lemma is an infinite dimensional version of Euler’s relation. 

Lemma A.3. If F{g) is homogeneous of degree m then 

(A.IO) Y.F{g){g)= [ gij{x)—^—F{g)dvol{g){x)=mF{g) 

Jm ogij{x) 

holds. 

Proof Although we expect this to be well known, here is the short proof. For t small consider 
F{g + tg) = (1 + t)'^F{g). Taking the derivative at f = 0 gives (lA.lOl) in view of (IA.8I) . □ 

Again V(g) and 7Z(g) serve as examples. Consider the functional 

= Y^gJ(n-2)/2^(s) = F ’ 

a scale invariant quantity, and observe that 

^ (c(p)2/-^) ^ 

Since the Leibniz rule holds for the variational derivative, (IA.8I) gives 
(A. 12) 

Assume now that p is a critical point of TZf). This implies 

Ricigfix) - + "^mg^^ix) = 0 . 

I In 

Taking the trace, see (lA.lK gives 

ji ji _ 2 _ 

R(g)(a:)--R{g){x) + ^R{g) = 0, 
that is the scalar curvature equals the average scalar curvature, 

R{g){x) = R{g), 

which when reinserted into (lA. 121) shows that g is an Einstein metric. The converse is also true, 
that is an Einstein metric is a critical point of ^{g). There is an alternative way of defining 
Einsfein mefrics. Consider 

(A. 13) A{g)=n{g) + KV{g). 

In physics k has fhe inferprefafion of a cosmological consfanf. Af a crifical poinf g of A(-) fhe 
relation 

(A. 14) - (^Ric{gf{x) - = 0 

holds. Taking fraces gives 

71 71 

-R{g){x) + -R{g){x) + -k = 0 
such fhaf R{g){x) is consfanf and 

2 _ 77 2 _ 77 _ 

(A.15) K =- R{g){x) = - R{g), 

n n 

which when reinserted into (IA.14I) shows that g is an Einstein metric. 
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There is another way of obtaining k and moreover of defining an Einstein space. Given g, let 
L‘^{M, dvol{g)) be the Hilbert space of all square integrable functions on M w.r.t. the measure 
dvol{g)). The scalar product is written as (•, ■)g. Similarly let C‘^{M, dvol{g)) denote the real 
Hilbert space of all square integrable symmetric tensor fields. Thai is for Iwo such fensor fields 

H = Hij{x)dx^dx^, K = Kij{x)dx^dx^ 

fhe scalar producl, which wifhoul risk of confusion will also be denoted by (•, ■)g, is given as 

{H,K)g= f Hij{x)K"^{x)dvol{g){x), 

J M 

which indeed is positive definite, an easy consequence of the well known 


Lemma A.4. Let nx n) be the linear space of all real and symmetric nxn matrices 

and let G G n x n) be positive definite. Then the real and symmetric bilinear form 

{A,B)g = Tt{AGBG) 

on nxn) is positive definite. In particular the Schwarz inequality is holds. 


Thus for example 

(I, I)g = V{g), {g, g)g = nV{g), {g, Ric{g))g = {R{g)g, g) = n{g), 

where I is the function on M equal to 1. We will denote by || ||g the norms in both spaces 
Lf{M, dvol{g)) and dvol{g)). Due to (I A. Ill the inequality 

(A.16) \\R{g)\\l<n\\Ric{g)\\l 

is another consequence of the lemma. Since 'R-{g) = {R{g),T)g we also have the inequality 
(A.17) n{g)^ <\\R{g)\\lV{g). 


Theorem A.5, The following inequality is valid 

(A.18) n{g)^ <nV{g)\\Ric{g)\\l 

with equality if and only if g is an Einstein metric and then equality in (IA.16I) holds. If {M,g) 
is an Einstein space which is not Ricci-flat, then k is also given as 


(A. 19) 


K = 


\\Ric{9)\\l 

ng) 


Observe that for an Einstein metric equality in (lA. 181) also follows from (IA.4I) and (IA.19I) . 


Proof. The first part is a direct consequence of Schwarz inequality, by which (IA.18I) is an equal¬ 
ity if an only if Ric and g are collinear. Alternatively (IA.18I) follows by combining (IA.16I) with 
(IA.17I) . The second part follows by taking the scalar product of (IA.3I) with Ric{g) and the next 
lemma. □ 


Lemma A.6. An Einstein space is Ricci-flat if an only if its total scalar curvature vanishes. 

Proof. If the Einstein space is Ricci-flat then obviously TZ{g) = 0. As for the converse, if 
TZ{g) = 0, then k = 0 by (IA.15I) and hence the Ricci tensor vanishes. □ 

Corollary A.7. Equality in (lA. 161) holds if and only if for all x there is k{x) such that Ric{g){x) = 
K{x)g{x) holds. Equality in (IA.18I) implies equality in (IA.16I) . 

Proof. If Ric{g){x) = K,{x)g{x) holds for all x with a suitable k{x) then (IA.16I) holds. Con¬ 
versely assume (lA. 161) holds. Then for almost all x there is k{x) such that Ric{g){x) = 
K,{x)g{x) holds. But then k{x) = R{g){x)/n for these x and by continuity we can make 
this relation hold for all x. The last claim is now obvious. □ 

Again for comparison we conclude with recalling Hamilton’s Ricci flow equations. The 
unnormalized flow equation for the metric is defined as 

^g{t)ij{x) = -2Ric{g{t))ij{x) 
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while the normalized one is given as 

(A.20) ^g{t)ij{x) = -2Ric{g{t))ij{x) + ^ R{g{t)) g(t)ij{x). 

Under the normalized flow the volume is conserved. This follows easily by taking the derivative 
of V{g{t)) with help the first relation in (IA.9I ). the flow equation and (lA.ll) . Also observe that 
the r.h.s. of (IA.20I) vanishes, if g{t) is an Einstein metric. In other words, any Einstein metric 
is a fixed point of the normalized flow equation. Theorem IA.5I and in particular relation (IA.19I ) 
suggests another normalized Ricci flow. 

H WRicigit))]]"^,.-. 

(A.21) ■^git)ij{x) = -2Ric{g{t))ij{x) + 2- ~ 9{t)ijix). 

which is well defined as long as TZ{g{t)) / 0. By the previous theorem, any Einstein metric is 
a fixed point. Although believed to be known, the author has not been able to locate a reference 
for the next result. 

Theorem A. 8 . Under the flow (IA.21I) the volume V{g{t)) increases if TZ[g{t)) > 0 and de¬ 
creases if TZ[g{t)) < 0, while the total scalar curvature itself increases in both cases as long as 
n{g{t)) / 0 . 

Proof We calculate 

= J g{ty^ \^-Ricig{t))ij + -g(^)uj dvolig{t)) 

= - nV{g{t))\\Ric{g{t))\\l^^^^ 

and the first claim follows from (lA. 181) . The second claim follows from 

^n{g{t)) = {g{t),- (^Ric{g{t)) - ^R{g{t))g{t)^)g(t) 

\\Ric(g{t))\\y,-. / 1 \ 

= {-2Ric{g{t)) + 2-“ [Ric{g{t)) - -R{g{t))g{t)j )g^t) 

=-mgmilit)+^\\Ricigm\lit) 

and (lA. 161) . □ 


Appendix B. Proofs of the relations (14.261) - (14.281) . 

In any (n — 2)-simpIex is the face of 3 n-simplexes. So in units of 27r, by (14.241) the 

deficit angle at any (n — 2 )—simplex is given by 


5{n) = 1 — — arccos 

' 27r 


oo. Its 


Now 6{n) is a monotonically decreasing function of n with limiting value 1/4 as n 
value forn = 2 is 1/2. Thus 6{n) is strictly positive. Also there are a total of 

n + 2 
n — 1 

(n — 2)—simplexes in Collecting terms and using (14.231) for the volume of an equilateral 

(n — 2)—simplex gives the total scalar curvature (14.261) . Because 6{n) is strictly positive so is 
the total scalar curvature. (14.271) then follows by using Euler’s relation and the fact that Ein^i 
is independent of Since there are 

— 1 ' 

2 

1—simplexes in an (n — 2)—simplex, again by Euler’s relation 


d° 


<T 


n—2 


!(«) = 


1 


n — 2, 


n — 1 
2 


cr 


n—2 


!(«) = 


1 


a{n — 1 ) 


O' 


n—2 


1 (a) 
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when cT^ € it” ^ and zero otherwise. In particular d^^\p^\{g^ = • \j2^fa as it should. 

Using (14.231) gives (14.251) . 


Appendix C. Proof of Lemma B. 121 

By iteration the relation (13.31) implies that each volume |it^(z)| is a smooth function in z. 
Thus it suffices to show that each dihedral angle u”) is also smooth in z. As in the proof 

of Theorem (13.11) ui, • • • ,Vn denotes an ordered basis in E^. It defines a euclidean n—simplex 
cr”, the convex hull the origin and the fi, • • • , Vn, which thus are the vertices. The edge lengths 
squared are the ||fj|p and the Huj — UfclP, k < i. By the simple polarization formula 

(C.l) {vi,Vk) = ^ (lIr’ilP + IkfclP - {vi - Vk,Vi - Vk)) 

all these scalar products are expressible in terms of the edge lengths squared. Let denote 

the f-th exterior power of The inner product on this space is given by 

(C.2) (xi A • • • A A • • • A yz) = det{xi,yk). 


In particular the volume of the euclidean simplex u” equals 


IT 


— Ilfl A • • • A Un 
n! 


Set 


0 ^ Wi = {—lyvi A ■ ■ ■ Avi Avi E A” ^(S"). 

By (1C.II) and (1C.21) the {wi,Wk) are polynomials in the edge lengths squared. This has the fol¬ 
lowing consequence. Let Qij be the angle (normalized to 27r) of the two hyperplanes determined 
by Wi and Wk- Then 


1 1 {Wi,Wk) 

= 1-arccos —— --. 

vr llruill llrufcll 

In fact Qij is the dihedral angle at the (n — 2)-simplex, which is the convex hull of the origin and 
the fi, • • • , • • • ,Vk, - ■ ■ ,Vi, - ■ ■ ,Vn- In particular we conclude that Qij is smooth in the edge 
lengths squared. The smoothness in z of the dihedral angles at the remaining (n — 2)-simplexes 
- each of them is the convex hull of the iii, • • • ,Vi, - ■ ■ , for a suitable i - may be established 
similarly. This concludes the proof of Lemma [5.12l 


Appendix D. Proof of Relation (16.211) and of Lemma I01 

We start with the proof of the lemma. 

As for the proof of (16.211) we start with some observations on the combinatorial structure of 
da^, which has five vertices, ten 1-simplexes, ten 2-simplexes and five 3-simplexes. 

Given two 1-simplexes and in da'^, we will distinguish three cases concerning the 
3-simplexes they are contained in. 

(1) If iT^ = then both are contained in exactly three 3-simplexes 

(2) If and have exactly one vertex in common, then both are contained in exactly two 
3-simplexes. 

(3) If and have no vertex in common, then both are contained in exactly one 3- 
simplex. 

Also, if E then there is exactly one 1-simplex, denoted by cr^ E a^, such that E 
and E have no vertex in common. Finally any 1-simplex is contained in exactly three 3- 
simplexes. Also for given 1-simplex there are six different 1-simplexes, which have exactly 
one vertex in common with and three 1 -simplexes, which have no vertex in common with 
a^. This agrees of course with the fact, that altogether there are ten 1-simplexes in da^. 

With these preparations and taking the symmetry of da^ into account it suffices to calculate 

dP\a\a^){a). 

We remark, that there is formula, which expresses the dihedral angles at any euclidean tetrahe¬ 
dron in terms of its edge length, see Il29l . Proposition 3.1. However, we will follow a different 
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approach. Of course if ^ then this expression vanishes. So it suffices to consider a single 
3—simplex. Set 

, cr^) (a) = a, 

d^\a^,a^){a) = n / 0, 

dP\a\a^){a)=j, n = 0, 

for p^ E 

In order to calculate a, fi and 7, consider the euclidean 3-simplex of which five edges have 
length y/a, while the remaining one has edge length ^/x with 0 < x < 3a. Denote the vertices 
by no, fi, ^ 2 , ^ 3 . The vertex no is located at the origin. The three other ones have the coordinates 

ni = (^/a, 0 , 0 ) 

V2 = ^v^,0 

) ■ 

We calculate the outward unit normal vectors to the four faces. They are 

vi X na 
||ni X nsll’ 

(n 3 - vi) X (n2 - ni) 

||(n3 - ni) X (n2 - ni)|| ’ 

with X denoting the vector product. A straight forward calculation gives 


ni = - 


ns = 


ni X V2 
||ni X n 2 H ’ 
V2 X Vs 
||ni X nail ’ 


(ni,n2)(x) 


(ni,n 4 )(x) 

{n2,ns){x) 


{ni,ns){x) = (n2,n4) = {ns,n4,){x) 


X 1 



The equality of (ni, 712 ), (ni, na), (n 2 , n 4 ) and {ns, n^) follows also from symmetry consider¬ 
ations. In agreement with (14.241) the relations {ni,nj){x = a) = —1/3, i / j hold. Consider 
the function p = vr — arccos f{x) = arccos(—/(x)) whose derivative is given as 


(D.l) 


^ _ 1 d/(x) 

dx ^1 - /(x)2 dx 


as long as — 1 < /(x) < 0 and correspondingly 0 < y < tt. In what follows / will be one 
of the three quantities (n 2 , n 4 ), (n 2 , na) and {ni,ns)- In particular /(a) = —1/3 such that 
a/1 — f{aY = 2^/^/3. Also y will be one of the six dihedral angles. Indeed, an easy argument 
shows that the angle between two normals and the corresponding dihedral angle sum up to vr. 
Therefore we obtain for the derivatives of the scalar products of the normals and thus for the 
derivatives of the dihedral angles the expressions (ID. Ill 
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in units of 27r. A short calculation gives 

« = P = -\ 


1 


1 


27ra3\/2' ^ 27ra3\/2 ’ ^ 27ra\/2 

and the claim (16.201) follows. We turn to a proof of Lemma 1631 Give the five vertices of the 
labels 0, • • • ,4 and accordingly write the ten 1— simplexes ordered in terms of the two vertices 
in their boundary as 

(D.2) 


= 3a 


— <^ 01 ) ^2 — <^ 02 ) <^3 — '^ 03 ! ^4 — ^ 041^5 — *^ 12 ; 
^6 = <^ 13 ) ^7 = *^ 14 ) <^8 = '^ 23 ! ^9 = <^ 24 ) <^10 = '^ 34 - 


With this ordering of the 1-simplexes the matrices A^i and N 2 take the form 


Ni = 


/ 

0 

0 

0 

0 

0 

0 

0 

1 

1 

1 

\ 

/ 

0 

1 

1 

1 

1 

1 

1 

0 

0 

0 

\ 


0 

0 

0 

0 

0 

1 

1 

0 

0 

1 




1 

0 

1 

1 

1 

0 

0 

1 

1 

0 



0 

0 

0 

0 

1 

0 

1 

0 

1 

0 




1 

1 

0 

1 

0 

1 

0 

1 

0 

1 



0 

0 

0 

0 

1 

1 

0 

1 

0 

0 




1 

1 

1 

0 

0 

0 

1 

0 

1 

1 



0 

0 

1 

1 

0 

0 

0 

0 

0 

1 


Q n H l\Tn — 


1 

1 

0 

0 

0 

1 

1 

1 

1 

0 



0 

1 

0 

1 

0 

0 

0 

0 

1 

0 


dllLl i V 2 — 


1 

0 

1 

0 

1 

0 

1 

1 

0 

1 



0 

1 

1 

0 

0 

0 

0 

1 

0 

0 




1 

0 

0 

1 

1 

1 

0 

0 

1 

1 



1 

0 

0 

1 

0 

0 

1 

0 

0 

0 




0 

1 

1 

0 

1 

1 

0 

0 

1 

1 



1 

0 

1 

0 

0 

1 

0 

0 

0 

0 




0 

1 

0 

1 

1 

0 

1 

1 

0 

1 


\ 

1 

1 

0 

0 

1 

0 

0 

0 

0 

0 

/ 

\ 

0 

0 

1 

1 

0 

1 

1 

1 

1 

0 

/ 


Also 


= To 


/llllllllllX 

1111111111 

1111111111 

1111111111 

1111111111 

1111111111 

1111111111 

1111111111 

. 1111111111 , 


Lemma lG3] follows by an easy calculation. 

By (16.211) and the definition (16.271) of M 

(D.3) M = 31+ 3iVi-2A^2 =-5^4 + 10775 

follows. Similarly 

(D.4) My ,3 = 61 + 3iVi - 2^2 = 3Mi - 2 H 4 + I 3 M 5 

and 

(D.5) My ,4 = 31 + 7Vi + 2 iV 2 = I 8 M 1 + 3 M 4 . 


Appendix E. Proof of relations I6.46I and I6.471 

Recall that in the proof of (16.21b use was made of the symmetry of the boundary of 

the simplex This applies here too for My, so apart from combinatorial counting the main 
calculation to be done is to determine the partial derivatives up to order two of the volume of 
a single 3-simplex at its equilateral value, that is d‘^ d'^ Label the four vertices of 

as 0,1, 2,3. Correspondingly write the six 1-simplexes as {01}, {02}, {0, 3}, {12}, {13}, {23} 
and the six lengths squares as zqi, zo2, zqs, Z12, Z13, Z23- Consider the symmetric 3x3 matrix 
A{z), see (13.1b . 

/ 2^01 ^(201+202-212) ^(213 - 201 - 2:03) \ 


A(2) = 


Uzi2 - 201 - 202 ) 


202 


4(223 — 202 — 203 ) 


\ ^(213 — 201 — 203) ^(223—202 — 203) 203 

The volume |cr^|( 2 ) can be obtained from A( 2 ), see (13.2b . in this case 




1 


giving 


W^\{z) = -y/det A( 2 ) 


3i/ \ 1 detA(2) 1 detA(2)9'^ detA(2) 

a |cr 1 ( 2 ) = 


12 detA(2)^/2 


24 


det A(£)+2 
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So it suffices to calculate the partial derivatives of det A{z) up to order two. An easy computer 
supported calculation gives 


1 


1 


det A{z) = -^Z^iZ23 - ^^2^13 - ^^ 03^12 - ^zf2Z03 “ ^^ 13^02 “ ^^^ 232^01 

1 1 1 

— ^^012^02 2^12 — ^2:012^03 2^13 + ^2;oi2;o22;23 

1 1 1 

+ '^Z0iZ03Zi2 + -2:012:02 2;i 3 + -2;oi 2132^23 

1 1 1 

+ -^ ZoiZo 3 Z 23 + ^^012^12 2^23 + ^2:022032:13 

1 


fill 

+ 1202 203 212 + ^2o2 2122:13 - -2:02203223 + ^202213^23 

1 1 1 

+ 1203 212 2:13 + ^2032122:23 - ^212213223. 

This gives det A (a) = a?/2 and the volume as |cr^|(a) = a^/^/6\/2 in agreement with the 
general formula (14.231) . As another consequence 


det A (a) = \a^, for all 


Next come second order partial derivatives 

det A(a) = — ^a, for all 

5{oi} 0{23} det A(a) = det A(o) = a^03}^{i2} det A(a) = -^a, 

det A(a) = ^a, for all other cr^, r^, 

again with equalities as required by symmetry. Combining this result with (16.421) and the com¬ 
binatorial structure of da^ - as discussed at the beginning of Appendix |D]- the claims (16.461) and 
(16.471) follow by a short calculation. 
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